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E—EF #aJ3RiE (Numbers)
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The sets of numbers consists of real numbers and pure imaginary
numbers , as shown in figure 1.1.

-Pure Imaginary Numbers

Natural Numbers
Complex Tntegers Zero
Numbers Negatives of
Rational Numbers Natural Numbers
"Real Wumhem{ Fractions

Irabonal Numbers
Figure 1.1 Sets of Numbers

BRI FGE TR 1.1 3Rk,
The sets of numbers can also be expressed in table 1.1.




F1.1 HAIFREK (Sets of Numbers)

A # 5 % 1
Name Symbol Set
E) 2K A N
Natural Numbers p 11,2.3,4, ]
H z {++,-3,-2,-1,0,1,2,3,
Integers e ]
H PP A 16
Rational Numl Q 3 .42—‘ 121212--
.ﬁaﬂﬁ Q'! m’ ‘\'{it "574_3! Tti
Irrational Numbers TXTI2T772 -
% A
Real Numbers R 2,0, M'IS’J_
)Xo sy Fad
Pure Imaginary Numbers 1 61'3 370 851, 1,20
¥ 6,-5,-% ;—‘;,JT}
Complex Numbers G
2+31,+31,-6i
§1.1 FE& (Integers)

-~ BB AU R X ( Expression of Integers)

BHRAE ERB TR,

Integers inclide natural numbers, zero and negative integers.




(—) BEXHY454H ( Grouping of Integers)

TN A EMNLEIA = 8HEy —H, 1Y, "R
. W TFEHE 4 MEECKT 4 BB, o s THEAY, PHE
HEE5 .

Starting from the units’ place and going 1w the left, separate by
commss, the given numeral, when it contains 4 or more figures, mto as

many groups or periods of 3 figures each as possibie.
) 1.1(Example 1.1} 54,562,347,289,642

=) M AYiEE (How to Read Integers)

S AE, E TP EEMBEEREMNEBARES T8 83
—EE,¥E - PHMEBRATE, AAES —TE5WH
“ B AE “thousand”; B MBS RIAE A7, 3 AE “million” ; FE =
AESHW R T2, 52 FE “billion” ; F AT E 65 I, FEE

“trillion” . Fe & T 8 M R RLE 1.2,

2 =
*xE258w85 5%, _
Q0.0 00.000.000.00 0O

1.2 EPEasiElk

Like in Chinese, when reading integers in English, starting from the
lefi to the right, read each group of figures separately, applying the
proper name to the comma as it is reached. The first comma from the right
is read “thousand”, the second comma “million”, the third comma
“billion” , and the fourth comma “trillion” . The corresponding reading is
shown in figure 1.2.
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. n =

g 5 3 .
—_ E g‘-d o
— - e I i
E =§ 3¢t £38,, &
EE-E-—:V#—':‘%EEQ%-‘: —
cES E§E EE885E8 5 ¢
EE 5 £ =2 5 58 E &8 E g g £
BT e mM3ETEET ES B 3
QOO0 O0OOCCOO0OO0OO00

Figure 1.2 Integer Reading

4 1.2{Example 1.2) 35,896,732,546,285

JL3C1E E : thinty-five trillion eight hundred and ninety-six billion seven
hundred and thirty-two million five hundred and forty-six
thousand two hundred and eighty-five

# 1.3(Example 1.3) 326,784 ,520,398,216

" JE3C P& 1F : three hundred and twenty-six trillion seven hundred and
eighty-four hillion five hundred and twenty million three
hundred and ninety-eight thousand two hundred and sixteen

(=) BEMELY (Even and Odd Numbers)
REGE R 2 BERME, K089 0.2.4.6.8; AHEHE
2 RO T B A RS 1.3.5.7.9.
Even numbers refer to those that can be divided exactly by 2 and
. whose unit numbers are 0,2,4,6 and 8, and those that cannot be divided
" by 2 are odd numbers, whose unit numbers are 1,3,5,7 and 9.

A 1.4 TR EhEE e R0 Xy BR e A Y
7 6 82 13 600 737 5,428 7,003
.6 82 600 5,428 MBE.
7 13 737 7,003 REF .
4



Example 1.4  Which of the following numbers are even numbers and
which are odd ones?
7 6 82 13 600 737 35,428 7,003
Answer 6 82 600 5,428 are even numbers;
7 13 737 7,003 are odd numbers.

(M) $a&E%(Negative Integers)
INTFERARBCIRBER . NE 1.3 PREIE SIS,

|
, L) EFR
JLIJ_I_II11_|_|II__
Tt
5 4 3 -2 .1 0 1 2 3 4 5
B 1.3 Bsh

Those numbers below zero are negative integers. See figure 1.3 in
which the numbers on the left of the origin of the number line are negative

integers .

. Ornigin | }
Negative Positive
P ) ST T ] direction s
Il R iy 1
T T T + 7 11 1
-5 4 -3 -2 -1 & 1 2 3 4 5

Figure 1.3 Number Line

1.5 FLubaEE IR 37C, REEN-12T.
Exanple 1.5 The highest temperature in a region iz 37°C and the lowest
ternperature is -12°C .

(H) BXAIM (Powers of Integers)
4 18 3] —- o b A B, 0 K B 2R 15 K 696,000 ki,

5
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A9 K 25942 3,000,000,000 m/s. XX e Ky, i S8ME
M,EERREMIEAFR, .
696,000 = 696 x 10° 3,000,000,000 =3 x 10°

When meeting some big numbers, such as the radius of the sun
which is about 696,000 km, and the velocity of light which is about
3,000,000,000 m/s, it is so hard to read and write such big numbers
that they are often expressed as powers. For instance,

696,000 = 696 x 107 3,000,000,000=3 x 1¢¥

—ftH 10/ 2 KEEIHFEES » M0, TERINHMPIA
10 B3 Jr s — e KR . M.
1,000,000,000= 10"
453,000,000,000,000 =4 .53 x 100,000,000,000,000
=4 .53 x 10
Generally speaking, the nth power of 10 means there are n Os after
1,s0 we use the power of 10 to express some big numbers . For instance,
1,000,000,000 = 10°
453,000,000,000,000 =4.53 x 100,000,000,000,000
=4.53 x 10"

P—ARKFIOMIER e x 10°MIER, HY « RBBMNRA
— 32 B, 10 BRAERL, n A3 107BKIE A L 10 N R BRI P

- R AT MR R

Express a number greater than 10 as the form of @ x 10", where a is
a number with only one digit of an integer, 10 is the base, n is the

. exponent, and 10" is the nth power of 10. This expression is called the
" expression of power,

1.6 FRMERITTIFE.
6




e ——— S Sewe febn - - TR R R A I T A - A e R SR

1,000,000: 57,000,000
. 1,000,000 = 10°
57,000,000 = 5.7 x 10,000,000 = 5.7 x 107

Example 1.6 Express the following in the form of power.
1,000,000; 57,000,000
Sclution 1,000,000 = 10°
57,000,000 = 5.7 % 10,000,000 = 5.7 x 107

#1.7 UTHEREAR RN, FESEH A8
2 x 10°; 5.002 x 107
. 2x10°= 2x1,000,000 = 2,000,000;
5.002 % 1¢¥ = 5,002 x 10,000,000 = 50,020,000

Example 1.7 What is the oniginal pumber for each of ihe following
expression?
2 x 10°; 5.002 x 10
Solution 2x 10°= 251,000,000 = 2,000,000;
5.002 x 107 = 5.002 x 10,000,000 = 50,020,000

#1.8 FAREMERRETIIESE:
(1) #ERFE KB HF —{2RhFITK.
(2) #HER_EH R A 15 T .
. (1) 150,000,000 = 1.5 x 10
IR E K YIH 1.5 < 10° 3.
. (2) 15,000,000,000,000 = 1.5 x 108
o ER_EA R R AN 1.5 x 10V ELL |

Example 1.8 Use the form of power to express the following:
(1) The distance from the earth to the sun is about 150 million km.
{2) The reserves of coal in the earth is over 15 wrillion ions.
7



Solution (1) 150,000,000 = 1.5 x 10%

Answer The distance from the earth to the sun is about 1.5 x 108
km.

Solution (2) 15,000,000,000,000 = 1.5 x 10"

Answer The reserves of coal in the earth is over 1.5 x 103tons.

B U #1 { Cardinal and Ordinal Numbers )

(—) ¥ #9i%% (How to Read Cardinal Numbers)
EREBEPESFIER"Z07HHFMNRES. ERWHEXRW
T
The figure representing the size of a number is called the cardinal
number, whose reading 1s as follows:

IEVAISE &2 e PETL B $af 151 B B SC R
{ Arabic) (English) ( Arabic) {English)

0 zeTo /nought 13 thirteen
] one 14 fourteen
2 two 15 fifteen
3 three 16 sixteen
4 four 17 seventeen
5 five 18 eighteen
6 six 19 nineteen
7 seven 20 twenty
8 eight 21 twenty-one
9 nine 30 thirty
10 ten 100 a/one hundred
11 eleven 101 a/one hundred
12 twelve (and} one




LIEDR (SE-vas2 - A S (LENRIE- i S e E 275
(Arabic) ( English} (Ambic) (English)
200 two hundred 10° one billion
503 five hundred (F—10*H)

and one 102 a’one trillion
1,000 a/one thousand 10" one quadrillicn
10,000 ten thousand 10" one guintillion
100,000 a/one hundred (FE—10%)

thousand 107 one sextillion
1,000,000 a/one million (H—10%)
2,000,000 two million 10% ane septillion
3,004,012  three million, {(FE—10%)

four thousand 107 one octillion

{and) twelve (FE—10%)
12,020,003 twelve million, 107 one nonillion

twenty thousand (HE—10°Y)

(and)} three 107 one decillion

(£—~10%)
(LA

1. 21 ~99 BYEEL, iR IL+7, L7, PRl EFE S .
B 4] s 24—twenty-three  54—fifty-four 79—seventy-nine

2. 101 ~999 { X%, e JL A", A and, F 0 ZR f2 32

B4 40 : 156—aone hundred and fifty-six

426—four hundred and twenty-six
607—six hundred and seven

991—nine hindred and ninety-one

BB AR and BIHE 5L, 40 850 7] LLESE eight hundred fifty.
9



3. 1,000 L ERI¥ M EE A, = Bom—-, 7, g —4,"
Al & thousand, 55 -~ , " 4 million, 55 =1, "I # billion( &
A ) B¢ thousand million( RF) , A E - TT T EAR.

A4 1,001 —one thousand and one
5,000—five thousand
8 ,436—eight thousand four hundred and thinty-six
284, 304—two hundred and eighty-four thousand three hundred
and four
20, 654, 693—twenty million six hundred and fifty-four
thousand six hundred and ninety-three
850,000 ,000—-eight hundred and fifty million

4. 1020\ ERE  m AR EMERNTEEERLAME.
billion: 1 x 10°(3E ) ;1 x 102(ZX), 41 1,000,000,000, F K
¥ iE 2 E a‘one billion, 3 X %535 N £ E a/one
thousand million.
trillion: 1 x 102 (EF):1 x 10 (FE X)), fn 1, 000, 000, 000,
000, £ X, FiEIFEIE asone mllion, T 5 ANFEIFIXLE a/
one billion,
[Z1E=0
quadrillion: 1 x 10°(3€50); 1 x 10#(RH)
quintillion: 1 x 108¥(Z£X); 1 x 10°(EK)
sextillion: 1 x 102 (ERX); 1 x 10°6(ZER)
septillion: 1 x 10%(3); 1 x10%(FHR)
octillion: 1 x 107 (&), 1 x 10¥ ()
nonillion: 1x 10®{FEA);: I x10P*{(ZERA)
decillion: 1x 10P(EX); 1 x100(HEAK)

10




5. B FE A X BB P, hundred, thousand, million, billion,
trillion %15 — M A EOIE = .
{8 fill : two hundred, three million, five trillion, etc.

(=) F¥i#7iE% (How w Read Ordinal Numbers)

BRI REERRNF, - 8 B =% TR
BANTF FBT AL

The figure expressing the sequence of numbers is called the ordinal
number , such as first,second and third. Ordinal numbers are expressed as

follows -

ik “E w2 HIEFEIR
( Chinese } ( Abbreviation ) ( English)
%1 lst first
%2 2nd second
=3 ird third
% 4 4th fourth
$S5 5th {ifth
He6 6th sixth
o7 Tth seventh
# 8 8th eighth
%9 Sth ninth
% 10 10th tenth
11 11th ) eleventh
12 12th twelfth
513 13th thirteenth
14 14th fourteenth
=15 15th fifteenth
16 16th sixteenth

11



%17
18
%19
% 20
% 21
B
3 23
% 24
% 30
%40
% 50
% 60
% 70
5 80
% 90
% 100
% 101
% 112
123

% 200
& 230

K 365

£ 1000
& 2000

17th
18th
19th
20th
21st
22nd
23rd
24th
30th
40th
50th
60th
70th
80th
90th
100th
101t
112th
123rd

200th
230th

365th

1,000th
2,000th

seventeenth
eighteenth
nineteenth
twentieth
twenty-first
twenty-second
twenty-third
twenty-fourth
thirtieth

fortieth

fiftieth

sixtieth
seventieth
eightieth
ninetieth

one hundredth
one hundred and first
one hndred and twelfth
one hundred and
I:wenty—third

two hundredth
two hundred

and thirtieth
three hundred
and sixty-fifth
one thousandth
two thousandth

h EZEATLUFES , FHRFE R 5285 EE A nE R th

12



AL, 4N founth (55 VU) , (Heb B R M b0 , T B RBMAELI T JLA

I -

1. one—first two——second three—third five—fifth eight—eighth
nine—ninth  twelve—twelflh

2. -ty S5, BT v 2 1, BRI -eth, 840
twenty—twentieth forty—fortieth

3. Ll one, two, three,five, eight,nine & B/ F #in], B HEE — &I
=A, .
thirty-one—thirty-first eighty-two—eighty-second
fifty-three—fifty-third ninety-five—mninety-fitth
two hundred and fifty-nine—two hundred and fifty-ninth

4. F¥oial et AR e, wldn .
first—1st second—2nd
fourth—4th twenty-third—231rd
two hundred and thirty-fifth—235th

5. F 3R o I e, 8 1 5 0 il i8], 4 40 : The First World
War, the third lesson. # B 0] il — R EdifA R TR B ",
g B A %0 : Shall we have to buy a fourth book? (AL E
HEL-~FZBHE? (RIS EKT=445))

(=) BESIFEHRIHA
{ Application of Cardinal and Ordinal Numbers)

1. %85 (Numbering)
B+ —1F Lesson 11
13



BEFE: lesson eleven BY the eleventh lesson
« B3 Exercise 5
BEAE : exercise five BY, the fifth exercise
* 55403 S EHE Room 403
£ 1E : room four oh three
« 78 page 78
BEYE: page seventy-eight B the seventy-eighth page
* 0L 25 0371-7426329 Telephone Number;0371-7426329
BEFE: zero three seven one seven four two six three two nine
» TS S 3543-1040 Telephone Number: 3543-1040
f@l?f‘lz thirty-five forty-three ten forty
* 97 XA F Train Number 97
BEFE: train ninety-seven BY the ninety-seventh train
« £ETEAMZ A 3644 T Flight NW 3644
BEYE: flight NW three six four four

2. . H . B #Est 2 year, month, day and time)
w 4 AFEAHTRAISNA in
* 1976 £ (in) 1976
#EAFE: (in) nineteen seventy-six X (in) nineteen hundred and
seventy-six
» 1B404F (in} 1840
#fE: (in) eighteen forty Z% (in) eighteen hundred and forty
* 19004 (in) 1900
#PE: (in) nineteen hundred
= 2000 4E {in) 2000
BEfE: (in) two thousand
o ZYJCHIT 753 4 (in) the year 753 BC
#1E : (in) the year seven hundred and fifty-three BC
14



» 20 4 70 L 1970°s B3R 1970s

BEAE : (in) nineteen sevenlies

* Afr: AHHALRSE - TFHMACE ., XA "ERAR, B
AT E AT H in. FHEEAGEMASRE K.

— A  (in) lanuary Jan, — A (in} Febmary Feb.
=H {(in) March Mar. PBH  (in) April Apr.
fiA  (in) May <A  (in) June

+H  (in} July AR (in) August Aug.

LA  (in) Sepiember Sept. +H  (in) Ociober Oect.
+-—-H {in) November Nov. + — H(in) December Dec.

* H: HAFBOR (I EBA the) Rax, “TEX B AT H 34

Ofl.

+HH {on) the fifteenth
—+=H (on) the twenty-third
M H (on) the fourth

=+—8B (on) the thirty-first

HERAREH:
« 19454 8 H  in August, 1945
FEfE: in August nineteen forty-five
= 19977 H 1 H onJuly 1(st),1997 BE on 1(st)} July,1997

#E1E: on July the first nineteen ninety-seven 3% on the first of July

nineteen ninety-seven

* B
1) FiBEREH at T3 HEIE TR 2, Bl .
A RER
15




We get up at six, (X at six o’ clock).

FHEATEA T ITiE Eig.
The pupils begin classes at 7:20.

2) AN LA, Al — 80 BN AL o LS LT, T
FIH TR
(1) FR“ILILST , Al past (£ X IEERA] after) , {H
AP AE A DB DL AT (B2 D) B STE R iR
ANt JE el il
7:10  seven ten BX ten past/after seven
9:15 nine fifteen BY a quarter past/after nine
11:30 eleven thirty B¢ half past eleven
(2) #A“ILEZEILG" , AR w, WA H B2 . #30 -
10:45,3%E4E a quarter to eleven EUARTE forty-five
10:50, EE4E ten to eleven 5% ten fifty

3) WFIERA LR T, AR w1 p.m. 7. 30
« FFEQ 07:00 a.m.
BEAE: seven a.m.
« EFIETS 09:10 a.m.
PEfE: (oh} nine ten a.m.
« P4 12:00
FAE : midday/noon X twelve o’ clock
T A 14:00/2.00 p.m.
FEAE: fourteen o’ clock B two o’ clock p.m.
« Mg Ft+—R =1+ 23:20/11:20p.m.
IEAE: twenty-three twenty 8¢ eleven twenty p.m.

16




= EXEWYNS AN (Romding-off Integers )

LR AFSRHEEEEP, " OEALALLBETFREANT
LI HEHSEE . OEF L ANENREREFTERENRFIH, 58
—ERT s(EFs), WEWN—FLE Em L,ES T8N T s,
W= Rz 3. anE M X A O & 309,850, B LB 4, 347 0 AT i3
B X A O 2% 31 77,

In industry, agriculture and everyday lives, it is common for people to
use rounding-off method to deal with numbers. Aceording to the numeral
digit needed to preserve, if the first digit is 5 or more, increase the
preceding digit by 1, and otherwise, if the first digit is less than 3,
remove it. For instance, the population of a district is 309,850, and if
rounding off the number to nearest ten thousand, then we can say thet the
population of the district is about 310,000.

# 1.9

@© #8259 P& A AR+ L. % : 260

@ 6,339 WERAATITNL. 2 :6,300

@ 857,734 MEFABTHL % 158,000

@ 8 483,579 W& A A B iz . % =480, 000

® 18 478,695 A ARG L. % : 500,000

® #.47,238,000 W& L ABBAF AL, & 47,000,000
Fxample 1.9

{13 Round off 259 to nearest ten. The answer is 260,

@ Round off 6,339 to nearest hundred. The answer is 6,300.

3 Round off 57,734 to nearest thousand. The answer is 38,000.

(1) Round off 483,579 to nearest ten thousand.

The answer is 480, 000.
17




) Round off 478,695 to nearest hundred thousand .
The answer is 500 ,000.

@ Round off 47,238,000 to nearest million
The answer is 47,000,000,

§1.2 /]PEF04%(Decimals and Fractions)

— ¥ {Decimals )}

{(—) S 7% ( How to Write Decimals)

B =R, BREE B A X, A BR8N B,
LIZE e X, WG B, TR E AR, SEBWHEES ME .
AN EUERRNERRK, HEREZERE, NS GRE BN

1 g 1 —— g 1
(1=3) BN (0 = 300) B =K (001 = T500) » F UMY

1 3 1 w A
%(.0001=wﬂm), 8 1 v A (.00001 = 100,000)’ EoSHLH

N 1 . —
(.Ml————liw,mm),ulﬁg’é#ﬁ.ﬁﬂﬁ 1.4 fs,

— N AN AN N

2 I3 = N R ® R

wEEergs, SEERER

0000000 00.CO00C0O0

EH1.4 SIHEHNEER

A decimal consists of three parts—whole number . point and decimal
fraction. The left side of a point is the area of a whole number and the
18




right side the decimal area. The first place to the right of the units’ place
expresses tenth (.1 =%]),the second place hundredth (.01 = ﬁ}) , the

third place thousandth ( .001 = I EIK)) » the fourth place ten-thousandth

(.0001 = 7=4-=2),  the fifth place hundred-thousandth (. 00001 =
1 .
m),the sixth place millionth (.000001 = T,m)’ efc., as

shown in figure 1.4.

- 2 4 £ §

= g9 g & g w 2 E B

s 3 = 8 & -525‘.53
Es 13238 s ,ij:ti
§='-—E§=°§§-E«gs 5 E =
u:ﬁ':s:::ﬁﬁmr—-::«:—«:::é:—«::i‘
OO0 00000 0,0 OO O 000

Figre 1.4 Decimal Writing

(=) /I8r33R5% (How to Express Decimals)

IS R AT MR EITE, DBSEE poimt, A
3.576, TEAE“three poimt five seven six” . FH /DA AFE, N
0.45,184F “zero point four five” , BY “point four five” . /PR 0.1,
0.01, 0.001 %5, I 7] £ 1E “one tenth, one hundredih, one thousandth™
g%, “point one, point zero one, point zero zero one,etc.

To express a decimal, we need to read each number and just read
point for the decimal point, such as 3.576, which is read “ three point
five seven six’ . If the integral part is zero such as 0.45, then the figure
is read “zero point four five” or “point four five”. If the decimal part is

19




0.1, 0.01, 0.001, eic., then the figure is read “one tenth, one
hundredth , one thousandth™ or” point cne, point zero one, point zero zero

T
one, etc.

(=} R& /1 (Mixed Decimals)
BEMXANEHNEHFRARESDHBRGAEAIER R
BX R EBRES, D B AZ AR TR RN .
The decimal whose integral part is not zero is called a mxed
decimal., When reading a mixed decimal, just read the whole number for
the integral place and decimal for the decimal place.

) 1.10( Example 1.10) 329,671,239.953579

Wi 3 £ 4E: three hundred and twenty-nine million six hundred and
sevenly-one thousand two hundred and thirty-nine point
nine five three five seven nine

) 1.11(Example 1.11) 2,050.0357
Y EEAE: two thousand and fifty point zero three five seven

(M) FFIH/MFNETRER /ML

{ Recurring and Terminating Decimals)
BT A RERERNBEAERNRRER Y. & % ~0.4
é:%flliiféﬁfl\ﬁ,ﬁﬁ% =0.66666 - RIEF /I, AIEN 0.6, X EHMW

B - RV SRR RLML B, 5 = 0.6, AN NS = 0.6, X
B F AR S A
Decimals can be divided into terminating decimals and recurring or

Irepeating decimals. For instance, % =0.4 is a tenminating decimal and
20




0.66666°- is a recurring or repeating decimal, which can be written as

0.6, where the overbar indicates the digit(s) to be repeated; hence ¥3 =

3

0.6 can also be written as 2 =0.6,where the + " indicates the digit(s)

to be repeated as well.

3

BT # B AR IB

.1
.01
.001

.00001

9.621
0.347
28,367.043

0.555=0.5

0.37
.37
0.37
0.2473

1% 4F : one tenth ( point one)

1% 1E : one hundredth {point zero one)

BE4E : one thousandth (point zero zero one/point
IWo Zeros one)

¥ 4E : one millienth { point zero zero zero zemo
one/point four zeros one)

ZE4E 1 nine point six two one

EAFE 1 zero point three four seven

{#E4F : twenty-eight thousand three hundred sixty-

seven point zero four three

EE4E : Zero point three fives equals zero point five
recurring

TE4E : zero point three seven recurring

24E : point three seven repetend three,seven

T 4E : point three seven repetend seven

12 4E ; zero point two four, seven three recurring/
zero point two four, seven three repetend
seven three

21



() IERMSHAIAM
( Approximate Numbers and Significant Digits)

— s, A R, 0 E A BB — {37, B U X 3 Rl 380
BAEIE—{7 GEXRT , AEE TR R OMHBTFR, FIFERII K
571k, B BB E SO T B R BT

Generally speaking, the nearest digit an approximate value rounds
off refers to the digit of precision. Here, all the digits from the digit
which is not zero on the left to the digit of precision are significant digits.

B1.12 3 % _3.333-

B 3, 5k 0 408 50 B 1

B 3.3, ErddoEwmAEl o (SEwRR 0.1);
B 3.33, i wmai A {e (S 0.01);
3.3 BT AU ;

333 A=TANETFT.

Example 1.12 3 —; =3.333.-

Obtaining 3 means correcting o one unit;

Obtaining 3.3 means correcting to one tenth {correct 1o zero point
one ) ;

Obtaining 3. 33 means correcting to one hundredth ( correct to zero

point zero one) ;

3.3 has two significant digits;
3.33 has three significant digis.

F1.13 FHRHENEShASINFREMU . SHHAR—H? &4
BE LA B 7
22




(1) 43.8 (2) 0.03086 (3) 2.4 5
1 -
(1) 43.8, B8+ (BE#HR 0.1, 5 =T858 8F;
(2) 0.03086, ¥ 2+ Jr 46z (A AEH8F 0.00001), 7 A
BOBF
(3247 HHEPITLL. AR ITERET .

Example 1.13 In the following approximate numbers by rounding-off, to
which digit is each of them comrect? How wmany
significant digits does each have?

Solution

(1) 43.8 is correct to one tenth (correct to zero point one) and
there are three significant digits;

{2) 0.03086 is correct to one hundred-thousandths {correct to zero
point four zeroe one) and there are four significant digits;

(3) 2.4 ten thousand is correct to one thousandth and there are two
significant digits.

(7<) B R F & (Power Expression of Decimals)
24 A NN, 4T, — 6. 00016, O.0000000125 %5, BEE /)
BB, 2 . ’%’ﬁﬁﬁfﬁﬁi‘}?ﬁ HHEEHBMNERARIE W

B 1@ eE 1072, ﬂﬂﬂ%ﬁ); icfE 107"

For very small numbers, such as —0.00016, 0.00000X}125,etc. ,
they are still not easy to read and write, and are often expressed in the

form of powers. For instance,
é is written as 10~2, and similarly, # is wriiten a8 10

% 1.14(Example 1.14) 0.01 = = Lo?!: 102

e\-
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BB AF : Zero point zero one equals one over one hundred equals one
over ten squared equals ten to the minus second power.

i 1
100000 ~ 10°

B fE: Zero point four zeros one equals one over one hundred

#1 1.15(Example 1.15) 0.00001 =

103

thousand equals one over ten to the fifth power equals ten to
the minus fifth power.

1 1.16(Example 1.16) 0.000007 = 7x10°%
P P VE: Zero point five zeros seven equals seven times ten to the

minus sixth power

1 1.17( Example 1.17)
HERNRSERETISE.
Express the following as powers.
{1) 0.004 {2) —0.0000053 (3} 0.0000000391
&% (Solution }
(1) 0.004 = 4x0.001 = 4x10°7
L3 4E 1 Zero point zero zero four equals four times zero point zero zero
one equals four times ten to the minus third power.
% ( Solution )
(2} —0.0000053 = -5.3x0.000001 = - 5.3x10°°
YL E1F : Minus zero point five zeros five three equals minus five point
three times zero point five zeros one equals mimus five point
three times ten to the minus sixth power,
#% ( Solution )
(3) 0.0000000391 = 3.91 x 0.00000001 = 3.91x10°°
L W i#4E : Zero point seven zeros three nine one equals three point nine
24




one times zero point seven zeros one equals three point nine

one times ten to the minus eighth power.

1,18 —FAEPNPEZ 4% 1077 m, H/MECEEFRR R,
(BEALPIFH m)
it 4107 = 4.0x0.00001 = 0.00004 {m)
B X A A AV 4208 0.00004 m.
Example 1. 18 The radius of a bacterium is 4 % 10~ *m. Express the
number in a decimal. (The unit is meter, too)}
Solution 4x 107° = 4.0x0.00001 = 0.00004 (m)
¥ W i%EAE : Four times ten to the minus fifth power equals four point zero
times zero point four zeros one equals zero point four zeros
four meters.

Answer The radius of the bacterium is 0. 00004 meters,
— . 57 Fractions)

(—) 4> # Y3 i% (How to Express Fractions)

ST BB ATER . ERIED, -BAERE
KRBT, FEOIFE S, BT 4 FTE TR\, TFRIGEH R
RE%.

A fraction consists of a numerator, a denominator and a fraction
stroke. In English, we usually use a cardinal to express the numerator
and an ordinal to express the denominator. Except that the numerator is
1, all the cardinals must be plural.




M { For example) .

i % H IR a9 ¥
1 2
4 one-fourth 3
*g* seven-ninths %
2 % two and three-fifths 30 -;-

FAH5b A TR RE

Ctherwise, there are siill other expressions:

R IAR
two-thirds

five-twelfths

thirty and seven-eighths

g H KA g | PR IK
% a (one) half % a {one) quarter
% three-quarters 2 % two and a quarter
1% one and a half 5% five and a third
PEER R BB AT -
More complicated fractions are read as follows
-g— two over three (two-thirds BX two divided by three)
? twenty-two over nine { twenty-two divided by nine)
8—‘3 thirty-three over eighty-nine (thirty-three divided by eighty-
nine )
3 % three and four over seven (three and four-sevenths)
5-g  five and five-eighths {five and five over eight 3% five and

five divided by eight)




F% 12 S0 ( Examnples for expression)

-- one half

- one third
e one fourth {a/one quarter)
- one fifth
-~ one tenth
- one twentieth
- one twenty-first (one over twenty-one)
- two twenty-firsts {fwo over twenty-one)

- five twenty-seconds (five over twenty-two)

T R e

- seven hundredths ( seven one-hundredths I

seven over a/one hundred)

% - three quarters {three fourths)

2 -

% —somane--one hundred and twenty-three five hundred and
sixty-sevenths (one hundred and twenty-three
over five hundred and sixty-seven)

34 oo three and one-third




7

S5 g five and seven-eighths

(=) 85/ HEEHL{ Conversion of Fractions and Decimals)
SYES/NE D B W5 = 0,375, —0.6= - 2%

A fraction and a decimal can be converted into each other, such as

3 _ __3
8-0.3?5311(1 -0.6= 5 -

1 1.19(Example 1.19)
BT g4 B R D

Rewrite each fraction as a decimal .
6 8 _17 3
(1} 10 (2} >3 (3) % (4) =
## (Solution): (1 %:0.6
3 PEAE « Six divided by ten equals zero point six.

# (Solution): (2) 2;55 =0.32

9L 3L PE4E : Eight over twenty-five equals zero point three two.

# (Solution): (3) -%: _2.83333---= —2.83

'3 3 iE 4 : Minus seventeen divided by six equals minus two point eight
four threes, etc . equals minus two point eight, three repetend
three.

#% (Solution): (4) % =0,428571428571--- = 0.428571
B E : Three divided by seven equals zero point four two eight five

seven one four two eight five seven one, etc. equals zero point
four two eight five seven one repetend four two eight five
SEeVen one.

28
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& 1.20( Example 1.20)
BT PN B 2 4 5
Convert each decimal below into a fraction.
(1) 0.7 (2) -0.63 (3) 1.075

#% (Solution): (1) 0. ?u%

F X PEFE: Zero point seven equals seven over ten.

% ( Solution): (2) —0.63= _%

B 3L AE : Minus zero point six three equals minus sixty-three over one
hundred .

. 1075 43
8 (Solution); (3) 1.075= 1000 = 40

BT PEAE: One point zero seven five equals one thousand and seventy-
five over one thousand equals forty-three over forty.

(=) BES 8T 5% (Percent and Permille )
3 HORINECR R T LU T AP ORS00, 10 3% Rm1og

2 0.03; S%oﬁT j 0.005.
Fractions and de::lmals are often expressed in percent or permille.

or (.005.

For mstance, 3% means ISO or 0.03; 5%¢ means l{iﬂ

5 1.21(Example 1.21)
5T R E SBOE A
Rewrite each percent below as a decimal .
(1) 5.7% (2) 0.003%

5 (Solution): (1) 5.7% = %ﬁ.o 057

29



YL PE 1E: Five point seven percent equals five point seven over one
hundred equals zero point zero five seven.

0.003 _
0 = 0-00003

B EAE : Zero point zero zem three percent equals zero point zero zero
three over one hundred equals zero point four zeros three.

57 (Solution): (2) 0.003% =

] 1.22(Example 1.22)
ISR A SR

Rewrite each fraction below as a percent.
(1% (2) %
# (Solution): (1) = =0.8=0.8x 100% = 80%
Wi AE : Four over five equals zero point eight equals zero point eight
multiplied by one hundred percent equals eighty percent.
% (Solution} :  (2) -:1,7 =0.3=0.3x100% =33.3%

i SCEEYE : One third equals zere point three repetend three equals zero
puoint three repetend three muliiplied by one hundred percent
equals thirty-three point three repetend three percent.

i 1.23( Example 1.23)
¥ N BRUA BUAE D T B
Rewrite the following decimals or fractions as a permille.
(1) 0.0008 (2) %

. 8 _ _
M (Solution) : (1) 0.0008 = 10000 = 0. 8%

I EEAVE : Zero point zero zero zero eight equals eight over ten thousand

equals zero point eight permille.
30




## (Solution) :  (2) i- =0.25=0.25 % 1000%0 = 250%e

HE L TEAE : One fourth equals zero point two five equals zero point two
five times one thousand permille equals two hundred and fifty

permille .
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FE FSHIRIZE (Signs)

§2.1 —BEFEFHE (Basic Mathematical Signs)

- EXKIZFH 2 ( General Signs of Operation}

{(—) + ME;ES{Plus; Positive)
B 2. 1(Example 2.1} (1)2+3 (2)a +5 (3) +7
FLAE: (1) two plus three

(2) a plus five

(3) positive/pius seven

(=) - 5 ; 1S (Minus; Negative)
] 2.2(Example 2.2) (1)8-4 (2)10-3% (3) -3
W EE: (1) eight minus four

{2) ten minus &
(3) negative/minus three and three-fifths

3
5

(=) £; 35 IEfA; AIF (Plus or Minus; Minus or Plus)
] 2.3(Example 2.3) (1)x = =3 (2)y = F5
YW EAE: (1) x equals plus or mimss three

(2} ¥ equals minus or plus five
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() x; <+ %S {multiplied by; times)

% 2.4(Example 2.4) (1) 5x6 (2)x - ¥

o SLEESE: (1) five times six & five multiplied by six
(2) x times ¥ 3 x multiplied by ¥

(R)—; /; + BS(over; is to; divided by)
) 2.5(Example 2.5) (1) = (2)9:4 (3) s/t
e iEfE: (1) three over four B three quarters

{2) nine divided by four
(3) s divided by ¢

(7<) : ttHl{Proportion)
] 2 . 6(Example 2.6} (1) 1:2 {(2) a - b
O EEE: (1) the ratio of one to two

(2 aisto b

() % HE5EE(Percent; Per cent)

] 2. 7(Example 2.7) (1) 2% (2) 0.3%

I EAE: (1) two per cent B, two percent
(2) zero point three percent

{I\} %e “TF 57tk {Permille; Per mille)
4 2.8(Fxample 2.8) (1) 5%e (2) 3.8%
HECEEIE: (1) five per mille

(2) three point eight per mille
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— &S (Signs of Grouping)

{(—) ( )} WS (Round Brackets: Parentheses)

B12.9(Example 2.9)  (6+53 —4.66x3) =31

J: W HEFE: open parenthesis six plus five and three-fourths minus four
point six six multiplied by three close parenthesis divided by

three and one seventh

# 2 .10(Example 2.10) (a + &)¢
HE3CIEFE: the quantity ¢ plus & times ¢

# 2. 11(Example 2.11} a® - 2 = (a + b)(a - &)
5 3 ELE: @ squared minus b squared equals the quantity e plus b times
the quantity ¢ minus b .
BY: a squared minus § squared equals open parenthesis @ plus
b close parenthesis times open parenthesis ¢ minus & close
parenthesis .

A 2.12(Example 2.12) (a - b)Y = a® — 2ab + b*
JL L FESE : The quantity @ minus b squared equals a squared minus two
ab plus b squared.

1 2.13(Example 2.13)
u—lb + Man—zbz + 4+ B

(a +5)" = a” + na )

#E X BFEFE: The quantity @ plus & to the nth power equals & to the nth
power plus n times the quantity @ to the n minus one power
times b plus 7 times the quantity 2 minus one divided by two
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times the quantity @ to the n minus two power times b
squared down to plus & to the nth power.

8
] 2. 14 Example 2.14) % = 31(%)
S EAE . k equals eighty-one times two-thirds to the eighth power.

4l 2. 15(Example 2.15) m

% CPEFE : a divided by the whole quantity b times ¢ plus d

) 2. 16(Example 2. 16) (;“c +d)

SESCPEFE : open parenthesis a over b times ¢ plus d close parenthesis

1
#) 2. 17(Example 2.17) (2 a)

BECEE4E - one over the quantity x squared times the quantity x squared
minus four to the third power

2 ¢+ 1

(2% + 1)%
FESCEEE: & to the third power plus one over/divided by the quantity x
squared plus one to the two-thirds power

7 2.18(Example 2. 18)

7] 2. 19(Example 2.19)  lim ;1-2(1 +2 4+ n)

n—*m

L EEFE - the limit as n approaches infinity of the quantity one over n
squared times the sum of n positive integers
B : the limit as n approaches infinity of the quantity one over n
squared times one plus two plus up to plus n
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(Z) (] F#55(Square Brackets)

# 2.20( Example 2.20} 1522 — [ - 4% + 6{ x — z®) - 3]

¥ TEAE : fifteen times x squared minus open bracket minus four times
x squared plus six open parenthesis ¥ minus x squared close
parenthesis minns three times x close bracket

(=) { 1} #IES (Braces)
#] 2.21(Example 2.21) %{a[ b+ (c—d)l}

FE JEYE + one-half open brace, a open bracket b plus open parenthesis
¢ minus & close parenthesis close bracket close brace

il

« ¥ S WA FZ S (Signs of Equality and Inequality)

{—) = ZFETF(be equal to; equals)
éﬁﬂ 2.22(Example 2.22) k = :@1(%)8
BEEAE: K equals eighty-one times two-thirds to the eighth power.

Eﬁ] 2.23(Example 2.23) (a — b){a + b) = a? - b2
HICEME . The product of the sum and . difference of two terms @ and b
L equals the difference of their squares.

{Z) = 15%F (be identical with/to; be equivalent to)
A 2.24( Example 2.24) ¢ =5 ’
| ¥ 3CiEME: ¢ is identical with five/ ¢ is equivalent to five/ ¢ is identical

to five.
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(=) = FZF(be not equal to}
18] 2.25(Exa.mp]e 2.25) e+d-a = 0
HEICEAE : e plus d times a is not equal to zero.

(M) = A1EHZT (be not identical with)
#] 2.26(Example 2.26) x £ 0
FEIEME : x is not identical with/1o zero.

(H) o« IEEE F(be in direct proportion to)
B 2.27(Example 2.27) G = mg, XH G « m
HEAE: G equals m times g ,and € is in direct proportion to m .

(7]) = (L2 T (be approximately equal to)

B 2.28(Example 2.28) ¢ =3 ~ 0.429

3L 1E : ¢ equals three divided by seven is approximately equal to zero

point four two mine.

() &  XTEF{be corresponding to)

#l 2.29{ Example 2.29) gf Fagg: 1
L BEFE: Two n over four is corresponding to ninety degrees.

(I} < ; > /NTF; KT (be less than; be greater than)
# 2.30(Example 2.30) (1}a < b (2)x >0
W EESE: (1) ais less than b 3

(2) x is greater than zero.
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(L) =; = NFREF; XFHETF (beless than or equal to;
be greater than or equal to)
# 2.31(Example 2.31)
x=6; x=-6 FHAER: -6<x=6
FIRVE: x is less than or equal to six; x is greater than or equal to
minus six, which can be writlen as x is greater than or equal

to minus six and less than or equal to six.

(+} «=; = IEE&/MF; ZEIEKT(be far less than;
be far greater than)
#l 2.32(Example 2.32} (1) ¢ «= 1,000 (2) ¢ - 3
FEIEHE: (1) ¢ is far less than one thousand;
(2) ¢ is far greater than minus three.

§2.2 #FFAMFFS (Signs of Elementary Algebra)

— I FF S (Signs of Analysis)

A=} | A& (Absolute Value)
] 2.33(Example 2.33)
R |al = [blsial =+ a; | 2] =+ 5,0 (then)
: ta=zx5h
RZ,MB £ a =+ b, (Conversely,if + a = + b, then)
lal = | &]

L EE: If the absolute value of e equals that of & , the absolute
value of @ equals plus or minus e and the absolute value of
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b equals plus or minus & , then plus or minus a equals plus
or minus b . Reversing this reasoning, if plus or minus a
equals plus or minus & , then the absolute value of @ equals
that of 5 .

] 2.34(Example 2.34)  {2x + 1| =7
FLICEEAF : The absolute value of 2 times x plus one equals seven.

{Z=) ni (Factorial n )
Factorial n , where ! is the sign of factorial.

# 2.35(Example 2.35} 5! =541 =5-4-31 =5-4-3:21

5 3 i#4F : Five factorial equals five times four factorial equals five times
four times three factorial equals five times four times three
times two factorial.

Y 2.36{ Example 2.36)

n! = n{n-1! = n(n = 1)(a -2)! = n(n-1)(n -
2)(n - 3)!

#FHICENE . n factorial equals n times the quantity n minus one factorial
equals n times the quantity » minus one times the quantity n
minus two faclorial equals n times the quaatity 7 minus ore
times the guantity n minus two times the quanity n minus
three factorial .

(=) > R#(the Sum of the Terms Indicated; Summation of)
'gﬂ 2.37 i isn; ﬁp"—lssn = =

n+ 1

n=1

39




k]
By DS, = S;+ S+ Sp 4 Sq+ S5
n=1
AR AEFI S,
5
- 3 ,L g i il'_ _5._
{5.%Sﬂ_2+3+4+5+6
30 +40 + 45 + 48 4+ 50
- 60
213 71

60 ~ 20

5
Hxample 2 .37 "ind E S., where S, = ; :_1 [ -

n=1

Solution

5
2.8, = 8+ 8+ 83+ S+ Ss
n=1
#2RAE : Capilal sigma S, from n equals one to n equals five i.e. add

, the terms S, for consecutive values of n , starting with n

equals one up to and including n equals five equals S, plus
5, plus 53 plus S, plus S5 .

Now replace each S, by its numerical value.

Obtain
Ss,-L1,2,3,4.5
= 2 3 4 5 6
304404+ 45 + 48 + 50
- 60
_213 _ 7
' - 60 T 20

% 3 1EPE ; Capital sigma S, from n equals one to r equals five equals a
half plus two thirds plus three quarters plus four fifths plus
five sixths equals thirty plus forty plus foriy-five plus forty-
eight plus fifty over sixty equals two hundred and thirteen

over sixty equals seventy-one over twenty.




() || #E3E#(the Product of the Terms Indicated)
5 2.38( Exampte 2.38)

(1) I a, @ 1T a
n=1 k=1

L FEE: (1) product of all g, from n equals one to infinity
(2) product of all q,, from % equals one to n

(E) max &AX{E(maxionmm value) ;
min §x/ME (minimum value )
#1) 2.39(Example 2.39) (1) max f{x) {2) min f(x)
o EEfE: (1) maximum value of f(x)
(2) minimum value of f( x)

5 2.40( Example 2.40)
(1) max (ay,***,a,) {2) min (ay,"*,a,)
B W IEME: (1) maximum value of the series a@ sub one to a sub »

{2) minimum value of the series ¢ sub one to a sub r
Z . FEF A} (Powers and Roots}

{—) 3®H (Powers)
e HiIctE x°, T « B n IRF .

Power is written as x" , expressing the nth power of x or x to the nth
power .

#] 2.41(Example 2.41)
(1) 32=9 (2)3=27 (3)2*=16
L EEFE: (1) Three squared equals nine;
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(2) Three cubed equals twenty-seven;
(3) Two to the fourth power equals sixieen.

#il 2.42( Example 2.42)
(1) x> (2 x* (3)x* (4)x"
YESCEEAE: (1) x squared (2) x enbed
(3) x to the fourth power (4) x to the nth power

$7] 2.43( Example 2.43)
(1) K = a™! (2) x°x% = x0 = x!!
BECEESE: (1) K equals @ times r to the n minus one power;
(2) x to the fifth power times x to the sixth power equals x to
the five plus six power equals x to the eleventh power.

{ =} 7 { Root-extracting)
FEHEHE Jx 5% a7, T « Bin R R~ m% W . % = 2
B, BEFER,2 4.
1

The extraction of Toot is written as vz or xn ,which expresses nth
root of x or x to the quantity one over n power and when n = 2, it
lexpresses extraction of square root, where 2 is left out.

45 2.44(Example 2.44) (DVa =6 () V16 =4
¥ SCiE4E: (1) The principal nth root of a is b
' (2} The principal square root of 16 is 4.

2.45 ME Vg = b, W2 = a8 (Ve)? = o. A, MF/a
b M =g, BWa) =a. B2, MM EEEE
¥, 0
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(Va)* = a
Example 2.45 I+ a = b, then 2 = a; that is, (Va)? = a.
Similarly,ifVa = &, then * = a, or (Ja)? = 2. In
general,if n is any positive integer, then
(Ja)" = a
F W FESE: The quantity principal nth root of @ to the nth power is a .

ZEEM2AERTESN
{ Imaginary Numbers and Two Common Irrational Numbers)

(—) B% i (Imagimary Number i)
EEHD, 2 -MBEHEICS, HE XN
i=+ -1 M £=-1
Hi,— T8 FTHRENN
Vox =+v_-14x = ivx x> OB
In complex numbess, i is used as a symbol of an imaginary number
and 13 defined as follows:

i=+v -1 and #=-1
Using 1, the square root of a negative real number is defined by
V-x=v-1Jx =iJx  forx >0

246 ML (1) -16++-25; () -16+/-25
f#: v AV -16=+v—-1-v16=i+4 = 4i
v -25=+"_"1+/25 =i-5 = 5i
(1) v —16 + v ~25 = 4i + 5i = 9i
(2) v 16 -+ "25 = 4i-5i = 202 = 20{-1) = - 20
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Example 2.46
Simplify (1) +/ — 16 + v —25; (2) v/ - 16 - v/ = 35
Solution
Since + -16 =+ -1-/16=i-4 = 4i
V=25 =/ -1+4/25 =i-5 = 5i,
(1)v - 16 + /' —25 = 4i + 5i = 9i.
P X AE: The square root of minus sixteen plus the square root of
minus twenty-five equals four times i plus five times 1 equals
nine times i
(2) v -16-+/~25 = 4i5i = 20i°= 20( - 1)= - 20
BE L AF: The square root of minus sixteen times the square rool of

minus twenty-five equals four i times five i equals twenty i

squared equals twenty times minus one equals minus
twenty .

(Z) TIB% ={pi) (Irrational Number x)
m O B 2, FAE #9287 3.14159,

w is the ratio of the circumference of a circle to its diameter, approx.
3.14159,

#2.47 EBEMHEBN A = oR? (R ABEIFRER).
Example 2.47 The area of the circumference of a circle A = nR?
(R is the radius of the circumference} .

B 2.48 BEREKAS C = =D (D HBEIHEER).
Example 2.48 The perimeter of a circle C = i (I is the diamete:
of the circle) .




(=) FTIEBH e {Irrational Number ¢)
e BR 0 B SR EUR , 9T 2.71828.
e is the base of a natural logarithm, approx. 2.71828.

#l 2.49( Example 2.49)
@ tm(r+ )

(2)Inx = log. x for every x > O
HE3C¥EE . (1) Limit as n approaches infinity of the quantity of one plus

=

one over n to the nth power equals e;
(2) ell-en of x equals the natural logarithm of x , for every x
is greater than zero.

$2.3 mWHPFEHSXIE{Functions and Intervals)

— B 3 { Functions )

{(—)FERF
F 3 RBEEICS, BNl & Rm A
Ax) = ax? + bx + ¢, a = 0
F or f is the sign of function and the quadratic function is usually
defined by
flx) = ax? + bx + ¢, a %= 0
X FEAE: The function of x equals @ times the square of x plus b Hmes
x plus ¢ ,where a is not equal to zero.
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4 2. 50( Example 2.50)
f(n:) = 93% —~ 180x + 940
HECiEAE : The function of x equals nine times the square of x minus one
hundred and eighty times x plus nine hundred and forty.

{Z} = ¥AT (Approach;tend to}
£#12.51(Example 2.51) g, > ®
FLCEEE: a sub n approaches / tends to infinity .

#] 2.52( Example 2.52) a, — a
HEEAE : @ sub n approaches / tends to the value of a

(=) lim #%FR(Limit)
45 2.53( Example 2.53) limb
HLCRME : the Limit of b

(PR} w JCZK(Infinity)
%] 2.54(Example 2.54)  lim S, = 3
HEICEEAE : The limit of S, as n gets arbitrarily large is one third.

A 2.55( Example 2.55) LR lim sup a,
P 3 E4E : upper limit of @, as n approaches infinity

(sup = supra, above)

8 2.56( Example 2.56) TR lim inf q,

H—=

BECEEAE : lower limit of a, as n approaches infinity
(iOfE infra,belﬂw)
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¥ 2.57( Example 2.57)  limf(x)
FELBEAE : limit of f{x) as x appraches a

#) 2.58(Example 2.58)  limf(x,y)

xX
¥yorh

FESCBE fE: limit of f(x,y) (B the function of x and ¥ ) as x
approaches a and y approaches b

{—) FEXEE{Open Interval)

FEMEBES(c.b)FTRA,iFa, b NETEH Ha « 6. K
Bi(a,b) 8N a B S (A EE a,b) BIKNTEEZER v, Ha < x
< b. WHE 2.1.

@ TR T IEEM bR T

& I

B2

a does not b does not
belong to the interval belong to the interval

h T
rd

a b
Figure 2.1

The open interval is denoted by (@, b) . Let @ and b be fixed real
numbers with @ < b . The open interval {a, ) refers to the set of all
real numbers x between endpoint ¢ and endpoint & (excluding ¢ and & )
with @ < x < b (see figure 2.1) .

L1

1
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{=) AXE{Closed Interval}
ARBEHAFS (e, 0] #BR,.iRa, b WEER,. Ha < 6. AKX
Bla, bl WM o Bl WA (L a, ) MIMWAELE . B ax <

b, WE2.2.

a J8B T iZ XA N S EAE T

d

a b .
H22

The closed interval is denoted by [a, 4] . Let @ and b be fixed real
numbers with @ < b .The closed interval [ @, & | refers to the set of all
real numbers x between endpoint @ and endpoint b (inc]uding aand b )
with @ = % = b (see figure 2.2).

——
a belongs b belongs
to the interval to the interval
¢ 3
a b
Figure 2.2

(=) FFXiE A X E
{ Half-open Interval or Half-closed Interval) '
(TR EARBEHSTS la, b)) H(a,b] T, B a, b A
IBEER . Ha < b 2HREFERMEa,b) BN o Db S (EIEa,
AETE D) EBIT AL s, He < v < b ¥FFREFHXE(a, b ]
FE N a B b WE (RLFE b AERE o) RNH AL x,Ha < 2 g

‘. 2.3F2.4,
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7 & iz [H] NS AT 1]

a b

B2.3

a4~ & T 1z X A b e TixX W)

a Fel

E 2.4

The half-open or half-closed interval is written as [a,&)or (a,b].
Let @ and b be fixed real numbers with @ < & .The half-open or half-
closed interval { o, &) refers to the set of all real numbers x between
endpoint @ and endpoint b (including ¢ but not b ) with e < x < b (see
figure 2.3) , while the (@ , & ] refers to the set of all real numbers between
endpoint @ and endpoint 5 (including & but not a ) with @ < x <¢ b (see
figure 2.4) .

a belongs & does not
to the interval belong to the interval
£ 3
& el
Figure 2.3

#) 2.59(Example 2.59) (1) (2,5] (2) (3,)
##E (Solution ) -
(1) X@E(2,51m+E 2 15 2R FE L, 2% 5, B4A23%
2. ¥ R NE 2.5,
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o does not
belong to the interval

i
by

& belongs
to the interval

1
L]

a b

Fizue 2.4
The interval (2,5 Jconsists of all real numbers between 2 and
5, including 5, but excluding 2 (see figure 2.5).

(2.5]

M 2. 5(Figure 2.5)

(2) XEI(3, ) @K T 3 BHTA SR, AT =R vHE
2.6.

The interval (3, o } consists of all real numbers that are greater
than 3 (see figure 2.6).

B 2.6( Figure 2.6)




§ 2.4 W% 574 (Differentials and Integrals)

— 5’ 4% [ Differentials)

{—) S (Derivatives)
F(x)  fx) BRI (function of x)
Ay x BIHS B (delta x 3K the increment added to x )
Af,  PBREf, KB (delta £ 2% the increment added to function
of x )
df(x) %% (the differential function £ of x )

1. —Br 5 ¥ (the First Derivatives)
’ . £ Hx) - fx)  df(x)
f(x)=a1.lf—l-1a o -&xx = = dxx
Frl{x): HB¥ Ax) KT 2 BI—F 5
the first derivative of f with respect to x

:r'=gf
y': Ay B—BB%

the first derivative of ¥

o (1) = d&lt)
e (1): B o W—B2E

the first derivative of @

#2600 F: fx) =2x+1, M: F'(x)
Example 2.60 Let f{x) = 2x + 1,then f'(x) =

T
L
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o M S T TP T T TRtV 4 e O T T T T - ' - -

HIILPEAE; Let funetion of x equal two times x plus one, then f prime of
x equals two/the first derivative of f with respecl to x equals

two.
261 W: y=-L1 M. 4 = L
- .’XF’ H ¥ — xg
Example 2.61 TLety = % then 3 = — =
X

Ui HEHE: Let y equal one over x , then y prime equals minus one over
x squared/the {irst derivative of ¥ with respect to x equals

minus one over x squared.

2. i % { the Second Derivatives)
2
Friay = L dilady _ drx)

Fr(x): AR f(x) 2T « BB ¥
the second derivative of f with respect to x .

j!f"(x) = dxl: ) -
¥y (x): HBEE y(x) %Txﬂﬁ’—ﬁfr?ﬁﬁ

the second derivative of y with respect to x .

$ (o =2 d_sfz&J isief_)

e (t): He(r) 2T ¢ EFJ_-EI'TTE'F%[
the second derivative of ¢ with respect to ¢ .

2,62 & flx) = 22, M Fr(x) = (322) =
Example 2.62 Let f(x) = x>, then f"{x} = (3x%) =
52




L CBEEAYE « Let funetion of x equal x to the third power, then the second
derivative of F with respect to x equals the first derivative of
three times x squared equals six times x .

w263 #Hy =e >, i‘% = a’e™™™

2

Example 2.63 Let y = e ,then %‘% = a’e ™ .
x

L WHEYE - Let v equal e to the power of minus alpha times x , then the
second derivative of v with respect to x equals alpha squared

times e to the power of minus alpha times x .
3. n B 5% (the nth Derivatives)

.- _ d? A=)
f (.‘I) ™ dxn

Fr N x): R fx) XF x i n Br S

the nth derivative of # with respect to x .

(n) _ d%
4 T da®

¥y Ry XRFx8n B RE
the nth derivative of ¥ with respect to x .

] 2.64(Example 2.64) a1y + a3y’ + a1y + agy = 0
#iLiffE: a sub three tmes the third derivative of the function y with
respect to x plus a sub two times the second derivative of the
function y with respect to x plus @ sub one times denivative of
y with respect to x plus @ sub zero times ¥ equals zero.
%: @ sub three times y triple prime plus @ sub two times y double
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prime plus 2 sub one times y prime plus @ sub zero times y

equals zero.

(=) % 84 {Partial Derivatives)
AETEMTULELETEMNARBBRAE LA, # f(x,y)
HAZTCHEY. EnB8XTETENIRFTTAHRSE .
The functions of two or more independeni vanables are called
multivariate functions, such as f(:r,j’} , which is a fumction of wo
variables. The derivatives of functions of several variables are known as

partial derivatives.

AL fa,y) T 2 —TRS
the first partial derivative of  with respect to x

Jx & Jf: i f(x,y) BAF y B—-BRS
the first partial derivative of f with respect to y
2
fa B 5 he M flaay) BT 2 ZBRS
the second partial derivative of f with respect to x

Sl T B fay) BT sy HTRRERS
x ¥

the second mixed partial derivative of j with respect
to x and ¥

R S G XF y IR
the second partial derivative of f with respect to ¥

2,65 #:z= 2"y 31 + 3y + 1
dz dz
KD 5 (2)33,
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32
(3) 33 (4)
a2
3}.2

aya

(5) (6)5—{;
dz 2,2 3

(I)E?x = 327y =3+ + v
2

(2) 5;—'( = 2x°y — 9y + %

(3)_ = 6xy°

32
(4) Hy;x = 6x%y — 9y% + 1

Fz 43 .
(5) 3}3 = 2x° — 18xy

Iz
3 = 63’2

Example 2.65 Let z = x%y? —3xy% + 2y + 1

Find

(1)
(2}

(33
(4)

(5)

(6)

== {the partial derivative of z with respect to x )

Fy (the partial derivative of 7 with respect to ¥ )

5 {(the second partial derivative of z with respect to x )

(the partial derivative of z with respect to x of the

dyd
partial derivative of z with respect to ¥ )
2
g_; ( the second partial derivative of z with respect to y }
Fz

—= (the third partial derivative of z with Tespect to x )
Jz

Solution: (1) Ix = 3x2y 33’3 + ¥
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(2) ﬂ = 2xy — 9% + x
72

(3} 3—;2 = x>
3z

(4) Iyar = 6x°y — 94% + 1

22

(5 a}i = 2x° ~ 18ay
32

(6) 3—;3 = 6y?

(=) 24 (Complete Differentials)
TP 0l (x,y) &I A

3 a4
dz(x,y) = idx + idy

For a function of two variables z{x, y) ,the complele differential is
denoted by
3z dx
dz(x,¥) = F.9% + é}dj’

W ICIEFE: The differential of z with respect to x and y equals the partial
derivative of z with respect to x times the differential of x
plus the partial denivative of z with respect to y limes the
differential of ¥ .

MF—N=JCERE w(x,y,z), EWMTICH

du du du
du{x,v,z) = axdx + ayd}' + azc:l,z

For a function of three variables u{x,y,z) , the complete
differential is denoted by

F e du du
du(x,v,z) = dex + aj‘dj’ + azdz
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Y EAFE: The differential of u with respect to x.,v and z equals the
partial derivative of z with respect to x times the differential
of x plus the partial derivative of u with respect to y tumes
the differential of v plus the partial derivative of u with
respect to z times the differential of z .

%t 3 n TCEREF(xy, 02, -, ), MR IEH
df(xl,xz,“'xn} = j?;tfﬁldxl + ;‘xﬁzdx'z + " —"f’dxn

For a function of n variables f(x,x5,***x,) , the complete
differential is denoted by

3 3
df(xhxzs“‘xu) = E;{ildxl + a—‘édxz + " _.,f_‘dxn

#3%4E ;. The differential of f with Tespect to %1, x up 0 x, equals the
partial derivative of f with respect to x, times the differential
of x; plus the partial derivaiive of f with respect to x; times
the differential of %, plus up to plus the partial derivative of f
with respect to x,, times the differential of %, .

F2.66 HE 7= x°y + ¥ M.

.. @z 9z _ 2 ,
ﬁ: M ax-zm(s a:}r—x +2}

dz = 2xydx + (2?2 + 2y )dy
Example 2.66 Find the complete differential for z = 2y + i
d
Solution Since S = 2xy, oo = x° + 2y

thus  dz = 2xydx + (&% +2y)dy
# 3R AE: The differential of z equals two times x times y times the
differential of x plus the quantity x squared plus two times y
times the differential of ¥ .
57




:\ﬁﬁ{mtegralS)

{—) AZEFH 5 (Indefinite Integrals)
| FCx)dx

a

Flad XF x ORERA Hoob | RS B £(2) i

BEPUEE,dx BX T B4, T « MRS ZERE.
The indefinite integral of a function j with respect to x , where the

ﬁymbnlj is called an integral sign, function f{x) the integrand, dx the
differential of x and x is the variable of the integral.

2z
# 2.67( Example 2.67) Im: dx = ajx dx = £ 4 C,

2
H CHAMGER

¥ 3C3E4E . The indefinite integral of @ times x with respect to x equals a
times the indefinite integral of x with respect to x equals the
quantity & times x squared over two plus € , which is the

constant of the integral .
2% : The indefinite integral of axdx equals e times the indefinite
integral of xdx equals ax” over 2 plus € , which is the

constant of the integral .

# 2.68( Example 2.68) I(Zx +3dx = 2 + 32+ C
W3 {E4YE : The indefinite imtegral of the quantity two times x plus three
with Tespect to x equals » squared plus 3 times x plus C .

1 2.69{ Example 2.69) J‘ & 4y = aloglx-—al+ €
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22 3CiEAE: The indefinite integral of the quantity e over x minus & with
respect to x equals ¢ limes the quantity log of the absolute

value of x minus &« plus € .

(=) FEFA43 (Definite Integrals)

_[:f(x)dx = lglx)]d

PRI f(x) M a Bl RS, g(a) BTRAFSRE,(a,d)
A X e

# CiESE « The definite integral of (the function) £ of x with limits a and

b{fromatoborfromx = atox = b } with respect to x

equals the difference of g of x evaluated at & and a (the

definite integral of f,a to b , equals g, a to b Y. glx)is

the function of the integral and {a, ) iz called an integral

mnterval .

4
] 2. 70(Example 2.70) Jn 12,0004t dr

H W HEFE ¢ the definite integral of twelve thousand times the square root
of t from zero to four (with respect 1o ¢ )

3%, . the definite integral of twelve thousand times the square root
over the interval [0,4] with respect to ¢

5
] 2.71{Example 2.71) J.;l_*_l_—d"x—

a cosx
P SCEESE - the integral from zero to pi over two of the quantity one over
one plus ¢ times cosine of x with respect to x
# : the integral fiom zero to pi over two of dx over one plus a
times cosine of x (with respect to x )
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(=) EEFR 453 (Double Integrals)

Usts, ) andy flay) T vy RS
B 3CTEAE : The double integral of £ of x, ¥ (with respect to x and v ) .

B 0%
| fGxay) dt fCouy) 8 R IR Y 5,y BYTRSY.

%

d [k
LS EEYE : The double integral of f over {region) R with respect to x and
y .
¥ : integrating from a to & of f of x, y with respect to x and from
¢ to d with respect to ¥.

31
1 2.72( Example 2.72) [ ZJ. LY dydx

HCEAE: integrating from — 2 to 1 of x, ¥ with respect to ¥ and from
~ 2 to 3 with respect t0 x

21
#| 2.73( Example 2.73) LJ.D(Z.&: + ¥) dxdy

P ICEEFE: integrating from zero to one with respect 1o x and from one to
two of the quantity two times x plus y with respect to v

(M) =&# 4 ( Triple Integrals)
_D fAx,y,z)dxdydz

AR f(x,y.2) EXHE Q W=FHy. =ERZEANHD
)
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R s

R T e

A

[ I T -&:ﬁ‘mmf;-*ﬂﬂr it g

m~ flx,v,z)de

1
L EAE: the wiple integral of £ of 5,5,z with tespect to x ,¥ and
zover the region {2 /the triple integral of £ over (vegion) O

i 2.74':Example 2.74)
By lxd e laay)
m flx,v,z)dv = [ be J‘z Jrj"(:':c,;v,z)dz."cl_'}fl:l::::
ﬂ frs

:rl'fx:' ERE N
B W i¥E4E: The wiple integral of f over vegion {2 equals integrating from
z1{x,¥) 10 z(x,y) with respect 10 z , from ¥;{x}
y2{ 2} with Tespect to y and from a to b with respect to » .

{FH) FAEEFAS (Closed Linear Iniegrals)

$ (xdy—ydv) FTEBBUY, | RRABBUIS e X
FarXEng fdisk

§ {xdy — ydx) represents a closed linear integral in which S!S is
the sign of the closed linear integral and ¢ the boundary curve in the
integral region.

§2.5 I5#F03 44 ( Exponents and Logarithms)

— 5 # B % ( Exponential Functions)

flx) = a*
R o HIEWEERER. « AT 1BIES,x IIRE.
The function f of x is an exponential function with base a , where a
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is a positive constant greater than 1 and x is the exponent.

exp{z) = e KLl e AEB » BB BAE .
Exponential functions are also denoted by EXP or exp; for instance,

exp (x) = e” means the exponential function of x with base e.

) 2.75(Example 2.75} o™ " = 1

n

&L

W FEFE: a to the minus rth power equals one over ¢ to the nth

power.

1 2.76( Example 2.76} a° = 1 {a = 0)
BL X HEYE: a 1o the zero power equals one, where ¢ is not equal to zero.

#] 2, 77( Example 2.77)

an = v a" (a =0, m,n ¥AIEEH)
Y ICEEPE: @ to the m over n power equals the nth root of @ to the mth
power, where a equals or is greater than zero, and m and n
are both positive integers.

1 2.78( Example 2.78)
a-w - —L (a > 0, m,n ¥IHIEF)

H W EE: a to the minus m over n power equals one over the nth ot
of a to the mth power, where @ is greater than zevo, and m

and n are both positive numbers.

1l 2 . 79(Example 2.79) f(x) = e"_—]—zej
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B2 EAE : The function f of x equals e 1o the xth power plus e to the

minus xth power over two,

#l 2. 80( Example 2.80) 8§ = P(l + ;:—]m

F X TEE: S equals £ times the quantity one plus 7 over n to the power
of n times ¢ .

— % % oA ¥ ( Logarithmatic Functions )

L 10 RS R BRR 5 AR B, FIARIE B logy”, WHRB A

“logs "H“lgx ", HEHILR Y
logx = logpx B x> 0.

The logarithm with base 10 is called a common logarithm, and the
symbol “logx “or “lgx 7 is often used as an abbreviation for logp . Thus,
the common logarithmstic function is defined by

logx = logpx for x > 0.
F i E: Log of x equals the logarithm of x with base 10, for x is
greater than zero.

B K
%] 2.81(Example 2.81) log R = A + Tt logR

FL W FEE: Log R equals A plus B over T plus K over logR .

5] 2.82( Example 2.82) log N = Klog N
P2 L HEAE : The logarithm (log) of the kth power of V equals K times the
logarithm of & .
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| 2.83(FExample 2.83) log Jn = ﬁiog N

Pz L BEAF : The logarithm of the gth ot of &V equals the logarithn of N
divided by g (equals one over g times logN } .

#] 2. 84( Example 2.84)  log An = %iog A

B SCEEAF ; The log of A to the one over n power equals one over n times
the log of A

(Z) 8 &3t ¥( Natural Logarithms) |
Ble(e~ 2.718) NIRRT EUFR D B 80 5L, 7THRIEN “log.
x", WARE N In 7, HeREIEX N
In x = log. = x> 0.
Logarithms with base e are called natural lozarithms and the symbol
“In x "is often used as an abbreviation for log. x . Thus, the natural
logarithmatie function is defined by
In x = log. x for x > 0.
PEEE{E: Ell en x equals the Iogarithmm to the base e of x , for x is
greater than zero. -

#2.85 HAE In BHTERITE .
(1) In 7,124 (2) In 0.05319
., TSRS LGSR
(1) In 7,124 = 8.871224644
{2) In 0.05319 = —2.933884870
FExample 2.85 Use a caleulator with an In key to evaluate
(1) In 7,124 (2) In 0.05319
Solution  On a 10-digit calculator, we obtain
(1) In 7,124 = 8.871224644
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W EEIE . Fll en seven thousand one hundred and twenty-four equals

eight point eighl seven one double two four six double four.

{2) In 0.05319 = ~ 2.933884870
HIEAE: Ell en zero poinl zero five three one nine equals minus two
point nine double three double eight four eight seven zero.

% 2.86(Example 2.86) Ine’ = 45
FiEAF: Fll en e 10 the square root of five equals the square roor of

five.

] 2.87(Example 2.87)  f(x) = 1 + ln{x - 2)
L JEAE : The function f of x equals one plus ell en the quantity x

minns two.

B 2.88(Example 2.88)  h(x) = In %

i YE: The function & of x equals ell en x over x plus one.

1 1
%] 2.89(Example 2.89) (1) logyx = ﬁi% (2) logga = g s

FriE#EfF: (1) The logarithm to the base 5 of x equals the logarithm of
x over the logarithm of & ;
(2} The logarithm to the base & of ¢ equals one over the
logarithm to the base a of & .
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§2.6 =R .EK=1fR%. X E K0 K oF

( Trigonometric, Inverse Trigonometric,
Hyperbolic and Inverse Hyperbolic Functions)

— . = &Y ( Trigonometric Functions)

"{—) sin I1E%(sine}
151 2.90( Example 2.90) sin% =1
oL 3 PEAE : The sine of pi over two equals one.

’W‘JZ.Q](Example 2.91) sin{ — ¢} = — sint
HICEESE - The sine of minus ¢ equals the minus sine of £ .

£ 2 .92( Example 2.92)  sin38 = 3sind — 4sin’8
FE I EYE - The sine of three theta is equivalent to three times the sine of
theta minus four times the quantity sine theta cubed.

{5 2,93( Example 2.93)  sin(¢ + 2an) = sint
2% 323 1E « The sine of the quantity ¢ plus two times pi times n equals the
sine of { .

() cos #=5% (cosine)

#5] 2.94( Example 2.94) cos% =0
B W 1% 4E : The cosine of pi over two equals zero.
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#) 2.95(Example 2.95} cost = — v 1 - sin’
# i%EAE . The cosine of ¢ equals minus the square reot of one minus the
quantity sine ¢ squared.

# 2.96( Example 2.96)

sind + sinf = 2sin %(A + R) . CUS%(.‘I - RB)
FCEEAE . The sine of A plus the sine of B is equivalent to two times the

sine of one-half the sum of 4 and & times the cosine of one-
half of the difference of 4 and B .

#] 2.97(Example 2.97)  sin —;—A — i\/T_T;:m

# I iEVE: The sine of one-half of A is equivalent to plus or minus the
square root of the gquantity one minus the cosine of A over

wo.

(=) tan IE1](tangent)
%[ 2.98{ Example 2.98) tan-} =1
#53ri%4E . The tangent of pi over four equals one.

# 2.99(Example 2,99}  tant = -5'
% 3C{EAE : The tangent of ¢ equals ¥ over x .

sint
1 2. 100( Example 2.100) tant = ost

% S iE4E: The tangent of ¢ equals the sine of ¢t over the cosine of ¢ .
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Ll

# 2,101 (Example 2.101) tan@ = _1 =3

I AE: The tangent of theta equals minus three over minus one
equals three .

(B} cot F=VI(cotangent}

1 2. 102{ Example 2. 102) cot% =43

B EAE: The cotangent of pi over six equals the square oot of three.
# 2.103(Example 2.103)  cotz = = = 928¢

¥ sini
PR AE: The cotangent of £ equals x over ¥ equals the cosine of ¢ over

the sine of ¢ .

i 2. 104(Fxample 2.104)  cotd = c.ﬂ,%

W EAVE: The cotangent of & equals the adjacent side over the
opposite side.,

# 2.105(Example 2.105)  cold = — 17

B SCEVE : The cotangent of theta equals minus seventeen over fifteen.

(F) sec I1EH]{secant)
#l 2.106(Example 2,106) sec 0=1
% 3CE4E: The secant of zero equals one.

) 2.107(Example 2.107) =zeca = L
cosa

B EEYE: The secant of alpha equals one over the cosine of alpha.
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i 2. 108( Example 2.108) sec% =2

B LPLAE : The secant of pi over four equals the square mot of two.

[75) ese  sR Bl (cosecant)
i 2. 109( Example 2.109) CBCIT = o0
B 3CEAF : The cosecant of pi equals infinity,

% 2.110( Example 2.110}  csc’a — cigfa = |
# % B F: The cosecant alpha squared minus the cotangent alpha
squared equals one.

B 2.111(Fxample 2.111)  eset = —
sINnFE

HEEAE : The cosecant of ¢ equals one over the sine of ¢ .

= E=1 B (Inverse Trigonometric Functions )

(—) arcsin B sin~! KIEZX
{ the inverse sine function EY arcsine function)

#) 2.112( Example 2.112) - % < sin"'x =< %
ar -1 i
14 — 5 = aresin” x < 5

HE W% {E : The arcsine function of x is equal to or greater than minus pi
over two, and is equal to or less than pi over two.

B 2.113(Example 2.113)  arcsin(- 5) = - 7/6

3 W i¥4{E: The arcsine / the inverse sine of minus one-half equals minus
the quantity pi over six.
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(=) arccos = cos ™' R &F%
(the inverse cosine function ¥ the arccosine function)
) 2. 114(Example 2.114)  arccosk = v 1 — x°

Fe W TEAE . The arccosine of x equals the square root of the quantity one
minus x squared .

] 2.115(Example 2.115)  sin™'{- 1) — cos™'{ - 1)
W E4E : the inverse sine of minus one minus inverse cosine of minus
one

8Y% ; the arcsine of minus one minus the arccosine of minus one

{=) arctan B tan-' K IE1]]
(the inverse tangent function ¥ the arctangent function)

#) 2.116( Example 2.116)  arctany = ————
V1 ox®
FE W EAE : The arctangent of x equals x over the square root of the sum
of one plus x squared.

1 . fl=x
) 2.117(Example 2.117) > ¥ = tan 1+ =
FWFEVE: One-half ¥ equals the arctangent of the square root of the

quantity one minus x over one plus x .

{M[) arceot X cot™! K&
( the inverse cotangent =¥, the arccotangent)

i 2.118( le 2.118) arccotx = ————
B53CiEAE : The cosine of the arccotangent of x equals x over the square
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root of the quantity of one plus x squared.

%) 2. 119( Example 2.119)  arctana + arccotx = "%
PL L ESE : The arctangent of o plus the arccotangent of x equals pi over

two.

(F) arcsec 3§ sec™! RIER
{ the inverse secant 5% the arcsecant)
#1 2.120( Example 2.120) arcsecx
W iELE . the inverse secant of x T the arcsecant of x

(7<) arcese Bf cse™! Rk E
{ the inverse cosecant Y, the arccosecant)

i

)] 2.121{ Example 2.121} arcsecx + arcescx = 5

B JE1E: The arcsecant of x plus the arccocecant of x equals pi over
two .

= . # 55 ¥ ( Hyperbolic Functions)

{—) sinh 3% sh X1 IFE 3% ( the hyperbolic sine)

) 2.122(Fxample 2.122)  shx = S5~

i W iFEE: The hyperbolic sine of x equals the quantity e to the xth

power minus e to the minus xth power over two.

(=) cosh 3% ch XX 55 (the hyperbelic cosine)

E.{ + e—-.‘l:

chx = 5
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ZE LR : The hyperbolic cusine of 1 equals the quantity e to the xth

power plus e to the minus xth power over two.

#) 2. 123( Example 2.123) ch?sy — sh®x = 1
¥ L tE « The hyperbolic cosine of x squared minus the hyperbolic sine
of x squared equals one.

(=) tanh 5 th Y IJE4/( the hyperbolic tangent)

ex — e—x

x

thx =
et + e’

B5 X #AFE : The hyperbolic tangent of x equals the quantity e to the xth
power minus € to the minus xth power over e to the xth

power plus e to the minus xth power.

{[%) coth 5% cth > A&7 {the hyperbolic cotangent)

£

fi 2_124( Fxample 2.124)  cthx = &%

e’ — e’ "
Hi3C 3 {E : The hyperbolic cotangent of x equals the quantity e to the x
th power plus e 1o the minus xth power over e to the xth

power minus e to the minus x1h power.

) 2.125(Example 2.125) 1 - th’x = —/3
ch®x

P 3 4E 1 One minus the hyperbolic tangent x squared equals one over
the hyperbolic cosine x squared.

{F) sech FihIEH(the hyperbolic secant})

sechx = ohx
FL I . The hyperbolic secant of x equals one over the hyperbohc
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cosine of x .

(75) esch X @i 7= Bi { the hyperbolic cocecant)
1

cachy = —
shx

K FEE : The hyperbolic cocecant of x equals one over the hyperbolie

sine of x .

4 . 52 3 BY iR 3 { Inverse Hyperbolic Functions ) .

{—) arcsinh 5§ sinh~",sh~! KX #IEZ
{ the inverse hyperbolic sine B{ arc-hyperbolic sine)
# 2. 126( Example 2.126) sh™'x = In{x £+ 2* + 1)
G 3 YE : The arc-hyperbolic sine of x equals ell en the quantity x plus
or minus the square root of x squared plus one.

(=) arccosh 5 cosh~',ch~' F Wil KK
( the inverse hyperbolic cosine 2% arc-hyperbolic cosine)
Al 2.127(Example 2.127)  ch™ly = In{x =+ 2* - 1)
HECiEF: The arc-hyperbolic cosine of x equals ell en the guantity x
plus or minus the square oot of x squared minus one.

(=) arctanh 5% tanh~',th~! RXBIEY]
{ the inverse hyperbolic tangent / arc-hyperbolic tangent)
) 2. 128( Example 2.128)  th™'x = —in >
HL 3 PE4E : The arc-hyperbolic tangent of x equals one-half times ell en

the quantity one plis x over one minus x .
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{E1} arccoth B coth™!,cth™! EIXH 1]
( the inverse hyperbolic cotangent / arc-hyperbolic cotangent )

#2129 Example 2.129)  cth™'x = - ln 23

BE W EEAE : The arc-hyperbolic cotangent of x equals one-half times ell en

the quantity x plus one over x minus one.

§2.7 A& (Sets)

— BB & (Seis)

(—) A =1a,b, ¢, d, el
A_%Haj_ﬁﬁﬂsbycad,e gﬁjﬁm%%-

A is a set consisting of ¢, &, ¢, d and e.

] 2 . 130( Example 2.130) K = {1,2,3,.4, 5}
I FEAE: K equals the set whose members { elements } are one, two,
three , four, five..

8] 2.131{ Example 2.131) {0, 1, 2,---,100}
Fa 3 #Z4E : the set whose members are the natural numbers from zero,
one, two through one hundred

) 2.132{ Example 2.132)
f{ = {o0,1, -1,2, =2,, n, — n1}
'L W BEFE « T sub one equals the set whose elements are zero, one, minus

one , lwo, minus two,ete. ,dll n ,minus n .
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il 2.133(Example 2.133) §=1x,5< x <« 7}
F X EEE: The set S is the set of numbers x such that x is between five

and seven.

#) 2.134(Example 2.134) {x|x < 5%
BE W EAE : the set whose members are all x that satisfy the condition that
x is less than five

g . the set of all x such that x is less than five

il 2.135(Example 2.135)  {{x,y) x> »}
SELPEEAE . the set whose members are all ordered pairs x, ¥ that satisfy
the condition that x is greater than v

1 2.136 XA MBBIESERN R ARBOR,CIEN.
Example 2.136 The set of all the natural numbers is usually called a
natural numerical set, denoted by N.

2,137 SEBHEIEESE R OyBHE,EE Z.
Example 2.137 The set of all integers is usually called an integer set,
denoted by Z.

#2.138 £EEBEENEGETEERAIEBREE,LE Q.
Example 2. 138  The set of all rational numbers is usnally called a
rational number set, denoted by Q.

W 2.139 24BN E G E R A KBE , IC/F R.
Example 2. 139  The set of all real numbers is usnally called a real
number set, dencted by R.

75




- *wmﬁ ST R F AR T Iy v R M - O = B e R R R

{(Z) &€ EBF{a member of set 3 an element of set)
¢/ 2 AT {not a member of set 5§ not an element of set)
] 2.140( Example 2.140} N =1§1,2,3,---}.
(Lac N (2)6EN (3)4.5¢ N
(4)0g N (5) —-1g N
W HEAE . For the set N whose members are one, two, three,etc.
{1) Four is a member of IV 3
(2) six is a member of /¥ ;
(3) four point five is not a member of V ;
{(4) zero is not a member of N ;
{5) minus one is not a member of /¥ .

B TFE TR FEE
{ Empty Sets, Subsets , Intersections , Unions and Complements)

(—){ |5 ¢ Z=HE(Empty Sets}
Flan L = ¢ LE—ZH
For example, L. = $#. L is an empty set.

(=) =& BIF4 ; 84T (is a subset of)
AcCcB ARBWTE BEEAGRTTR.
B IEIE: Set A is a subset of set B , read “ A is included in B”.

] 2.141 FTIEE:
v =11,2,3,4,5,6,7.8,9}
A=1{24,6,8 B =1{1.3,57,9} c = {571
M: AcU,BclU,CcU, CcB, BCREBANTHE RN
5€ C,5¢ A.
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Example 2.141 Consider the following sets:
‘= 1{1,2,3,4,5,6,7,8,91
A=1{2,4,6,8 B =11,3,5.7.9t C = {5,7}
Here, A C U, BclU,CclUand CC B, bul € is not a subsetl of
Asince3& Candd ¢ A.
ML PEFE: U equals the sel whose members are one, two, three, four,
five, six, seven, eight and nine;
A equals the set whose members are two, four, six and eight;
B equals the set whose members are one, three, five, seven
and nine;
C equals the set whose members are five and seven.
Here, A is a subset of [/, B is a subset of I/ , C is a subset
of U/ and a subset of B, but not a subset of A since 3 is a
member of € and not a member of A.

WRESZHARFHANFEEABELEAKRESE, HRE
Rk FAH T 5.

A useful way to depict relationships among sets is to let the universal
set be tepresented by a rectangle, with each subset in the universe
represented by a circular region.

2142 Ac BLARBHTHR.RABETBE RE2.7.
Example 2. 142 AgB,AisasubselofBorAispanufB(ﬁeeﬁgum
2.7).

#2143 Bc A, BREAMTE . X BEEXTA WLEH2.8.
Example 2. 143 B(;A,Bisasubsetofﬂorﬂispmtofd(seefigure
2.8).
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@

P 2.7( Figure 2.7) Bl 2_8{Figure 2.8)
$12.144 ZFACB, BC A, MA=RB(R29).
Example 2.144 HA c B, B C A, then A = B (see figure 2.9).

2,145 F A C B.B C C,0 A - ¢, WHE 2.10.
Example 2.145 WA c B,B ¢ €, then A C (see figure 2.10) .

) @

B 2.9(Figure 2.9) & 2. 10{ Figure 2. 10)

#2146 ¢ A, ZHERAMNTER.ZELITTA.
Example 2.146 An empty set is a subset of A or an empty set is part of

A

B 2.147 Ac A, ARABHTHE.
Example 2.147 A is a subset of set A itseld.
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Pl2.148 3 AC B, BB ARBRI.BI A« B, AXNBH—
THTFE.
Example 2.148 If A is a subset of B ,but B is not a subet of A, that is,
A is not equal to B, then A is a real subset of B.

(=) Zr$E (Intersections)
ANEB HBTAHBRTBWRE
HBRHWES.EEAEZR, BE2.11,
The intersection, denoted by A [ B, is

the set consisting of all elements common to

A and B (see figure 2.11). B 2.11(Figure 2.11)

%] 2.149(Example 2.149) A {1 A = A
F L PEAE: The sel consisting of all elements common to A equals A
itself.

) 2.150{ Example 2.150) A ¢ = ¢
# W iFEE « The set consisting of all elements common to A and empty set

# equals ¢ .

] 2.151(Example 2.151) AN B =B A
FEICFEAE: The set consisling of all elements common to A and B equals

the set consisting of all elements common 1o B and 4 .

(F) U FH3E; &% (Unions}
AUB HEBTAZBTBRLIEARMES, . MM A.BK
&, BE“A I B7, LE 2,12,
The union, denoled by A U B , is the set consisting of all elements
common to A and B (see figure 2.12) .
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P 2.12(Figure 2.12)

2152 F A=1{x,2,3},8 = {y,4,3,6},
m AU B = {3}. 40 2. 13.
Example 2.152 If A = {x,2,3},B = {+.4,3,6},
then A ) 8 = {3} (see figure 2.13) .

2.13(Figure 2.13)

Bl2.153 # A ={1,2,4},8B = {5,7.8},
W AUB =¢.91E2.14.
Example 2.153 H A = {1,2,4},8 = {5,7,8},
| then A |) 8 = ¢ {see figure 2.14) .

4 2. 154 Example 2.154)
FHUAND AU B = B U A . Wj(then) 4 = B.
HICEAE: If the set consisting of all elements of A or B or both equals
the set consisting of all elements of B or 4 or both, then set
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2.14(Figure 2, 14)
A equals set B .

i 2.155( Example 2. 155)
B & 2.15(From figure 2.15),

B =1{3,4,6.7} Q

¢ =15,6,7,8}
M (then): A4 U € =15,6} ngp
BU C =1{6,7} ‘g

AU B =1{3,6}
{alU B) JcC =16}
B 2. 15( Figure 2. 15)

AUCBU €) =16}
(AUBRUC=4UBUC

{F) #p$E ( Complements)

Y
=1xlx€f,ﬁ.x.;d}. //4

A
B R U B A, X AR 4R / 9/
Al S ////

AUA=F ANA=¢,4 =4,
ﬁtp;l ﬁf_‘l:{ﬁ EI*%?I‘%(E@Z 16}. B8 2. 16( Figure 2. 16}
From the definition above, we may -

know that for any set 4 , there is
81




A
where A4 indicates the complement of [ , denoted by A

{figure 2.16).

#2156 MR 7 =11,2,3,4,5.6}, 4 = {1.3,5!, FE4
A = {2,4,6}
HEEEW
:1,3,5{ U 11,2.3,4,5,6} = [
11,3,5t ) 12.4,61 = ¢
4 = 11,3,5) = 4
Example 2.156 ¥ 7{1,2,3,4,5,6}{, A4 = [1,3,5}, then
A = {2,4,6}.
It 18 easy to see
{1,3,5} U 11,2,3,4.5,6} = I,
11,3,51 N [2,4,6} = ¢,
A= 1{1,3,5| = A,

#2157 #®rf=11,2,3,4,5,6,7,8}, A = {3,4,5}, B = {4,7,
gl,5k A, B, AN B.
. A=11,2.6,7.8 B = {1,2,3,5,6}
ANE=1{1,2,6 AU B =11,2,3,5,6,7,81
Example 2.157 Let f = {1,2,3,4,5,6,7,8}, A = {3,4,5}, B
t4,7,8}, findA, B, A N B.

Solution f_l = 11)2761?18}’ E = '!19293!5:6}?
ANB=11,2,6!, AURB = 1.2,3,5,6,7,8}.
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E=F EFERBAKXMIRIE
( Elementary Algebraic Expressions}

. §3.1 BHEXRMIERE (Operation of Rational Numbers)

— . jniE [ Addition)

(—) MMZEAKIE (Terms of Addition)
1. F{Sums)
I 5 B FE R R R

The sum is the answer in an addition .

2. Jm#Ek (Addends)

R A BORR O T K.
Addends are the numbers that are added.

3. hil¥%kAIFF S (Signs of Addition)
AR S R+ 7.

A plus “ + 7 sign indicates addition.

4. hiE: B2 (Soluton of Addition)

B+ BB = (&)
The terms of addition are;
Addend + Addend { Augend) = Sum (Total)
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#13.1 R AT
984+1,292+ 2,484+ 337 +4,069

iSPap B
984 26 A AR
1 ,292& 34 —+ {3 EeAR b
2,434}— AL 18 ™ R ARG
337 T {v7 E A1 )
+) 4.069 st e
9.166* FI
: 9,166

Example 3.1 Find the sum of the following figures:

984+1.,292+2.484-+337+4,069

Solution : Check :
984 26 sum of units’ column
1 ,292§ 34 sum of tens’ column
2,484 )
4377 addends 18 sum of hundreds’ column
4,069 +) 7 sum of thousands’ column
+) 4069 9.166

9,166+ Sum

Answer . 3 166

(=) m:EEE ( Additive Theorams}
1. [EE I, BRAEAAFS i HE R

When adding two real numbers with the same signs, keep the same

and add their absolute values.

5 3. 2(Example 3.2) 5+3=8; (-5)+(-3)= -8
FrEE: Five plus three equals eight. Minus five plus minus three

equals minus eight.
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2. BIMHAHFH RS PEAEN, R ERXmRNFS,
HHE KB Bk 250/ B9 B, # 3 {E A S5 ) 55 Mo 8 0.

When adding two real numbers with the opposite signs of the
absolute values, get the sign of the addend of the greater absolute value,
and use the big number of absolute value to subtmct the small number of
absolate value. The two numbers with the opposite signs of the same
absolute values plus each other equals zero.

%l 3.3(Example 3.3) (1) 5+(-3)=2
(2)3+(-5)=-2
(3) 5+(-5)=0
Yi X iEYE: (1) Five plus minus 3 equals two;
{2) Three plus minus five equals minus two;
(3) Five plus minus five equals zero.

3. —AEE 0 A5, U35 XA~ R
A number plus zero is still the number.

# 3.4{ Example 3.4) (-5)+0= -5
P W E4E : Minus five plus zero equals minus five.

= .7 {Subtraction)

EHEBEFSHRMNBRIERPHERE. W6 MBEREHN
-6, a IR EN - a .

The two numbers with the same values but the opposite signs are
called additive inverses. For instance, — 6 is the additive inverse of 6

and — a is the additive inverse of a .
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(—) B ERIE (Terms of Subtraction)
1. BB (Minvends)
A o, 2 B R A e B

The minuend is the number from which you subtract.

2. ¥ $% (Subtrahends)

The subtrahend is the number you subtract.

3. Z (Remainders or Differences)
ZRBEENR.

The remainder or difference is the answer in subtraction.

4. = (Signs of Subtraction)
BEHAMAS" - "&R.

The minus sign “ _ " indicates subtraction.

LA

. T B3R F ( Solution of Subtraction)
W - =2
Minuend — Subirahend = Remainder

# 3.5 RTHIEEE.

7,485 - 2,648
Rk B
7 , 485 3 W ¥ 2,648+ ¥
—)2,648« WX + )4,837+ 2
4,837+— & 7,485 — T W BK
2. 4,837
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Example 3.5 Subtract in the following example.

7,485 - 2,648
Solution Check ;
7,485+ minuend 2,648+ subtrahend
— )2,648+subtrahend + )4, 837+ difference
4,837+ remainder 7,485+ minuend

or difference
Answer: 4,837

(=) 3% ZE N (Law of Subtraction )
WAk — 8 F T bS8 HE R R, 8.
a—-—b=a+{-5)
Subtracting 2 number equals adding the inverse of the number,

namely
a—b=a+(=-05)

] 3.6{Example 3.6) 15-5=15+(-5)=10
50 —6a = 5a+ (- 6a) = a
(-3)-(-5)=(-3)+5=2
0-7=0+(-7)= -7
7.2-(-4,8)=7.2+4.8=12

= 5% (Multiplication }
{(—) FEiEARIE ( Terms of Multiplication )
b, 3 ¥ Multiplicands )
BT FE Ry YRR A 1 SR AL
The multiplicand is the number you multiply .
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2. X (Muliipliers)
BT B TR g R
The multiplier is the number by which you multiply.

3. ¥l{ Products )
FEIEHI R A

The product is the solution for multiplication.

4. #8473 F(Partial Products)

e B o BT A — 7 E 3 1 B B BT 45 09 B R i o B

A partial product is the product of the multiplicand multiplied by any
digit of the multiplier.

5. H%r (Factors)
KA BT A B BB AR A B &Y

A factor is one of the terms in geiting a product in mutiplication.

6. A S (Sign of Multiplication )
P PFF Y < TR,
The symbol “ x 7 indicates multiplication.

7. Feik B ( Solution of Multiplication)

PRty < Tl =1
Multiplicand x Multiplier = Product
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il 3.7 3K 36x45 fIFR.
B -
36— AL
X A5+ AR
180+—&B4r #1
_144 —EES5HEH
1,620 +—#H
. 1,620
Example 3.7
Multiply 36 by 45.
Solution;
" 36+—multiplicand
x_ 45+—rmultiplier
180+——partial product
144 =—partial product
1,620 <+—product

Answer: 1,620

B 5
A5+
X 36+—15 e
27043 B

135 —Fa

1,620—F3

Check :
45+ multiplier
X 36+—multiplicand
270+ partial product
135  <+—pastial product
1, 620+ product

(=) &% e (Multiplication Theorems)
1. W¥ER, S S IE, #5180, S EHEfk.

ab = c;

(—a)(-b}) = c;

{—a)b =-c¢

In multiplication, if @ and & have the same sign, then @ umes b is
positive, and f a and & have the opposite signs, then @ tmes & is
negative. Let their absolute values be multiplied by each other.

1l 3.8(Example 3.8) 2x3=6;
(-2)x3=—6;

(—2))((”3):6
2x(-3)= -6
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2. fEPTEE TR, BISE;HAERSE, Kb 485 185
T ERHRA AT AR RETE. &)

a0 =0;

ab:ﬂ(a =ﬂﬁb =0);

ab 2 0(a 20,0 2 0)

For any number times zero, the answer is zero. f ab = 0, then

eithera =0ord =0 . fhotha 20and b < 0, ther ab 5 O, that is,
tha product of two nonzero real mumbers is always nonzero.

# 3.9( Example 3.9)
(-6)x0=0; O0x5=0; 4x(-2)= -8

I . B% 7% ( Division )

(—) B#i%EAR1E(Terms of Division)
1. BEBR ¥ Dividends)
ErBR B RO SRR
The dividend is the number you divide.

2. ER¥r(Divisors}
TEER AT BORR I BR %K .
The divisor is tha number by which you divids.

3. T (Quotients)
[k 7 BT 15 BT AR B Ry T

The quotient is the answer in division.

4. #¥ (Remainders)
W AT BT il S B R R 3
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When the division is not exact, the number left is the remainder.

5. ¥R 5 Wk ¥ (Partial Dividends)
2% Bl g R r W R BB A PR A W A PR AR
The partial dividend is part of the dividend annexed to the

remainder,

6. B 5 (Sign of Division)
kRS Y + "l —" fxk.

The symbol “ + "or” ~—” indicates division.

#)3.10 K 42, 57480 7T IR

i =
6,082+ 6, 082+ 7
B — 7 J42,574— HEFREL x) T B
42, 574 +— BRI
Wik 6,082,
Exampie 3.10
Divide 42,574 by 7.
Solution: Check:
6,082 «— quotient 6,082 «+— quotient
divisor —+ 7 /42,574 «—dividend x) 7 w— divisor

42,574 &~ dividend

Answer: The quotient is 6,082.

B LI — A8, 2 F R B X BB, 0 R RERER R, BE
To divide a number means to multiply the inverse or reciprocal of the
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number, and division by zero is not permissible , namely

w b= a(%) = ab'y b0

1] 3.11( Example 3.11) 12x3=12x%=4

(Z) B&3%EE X {Definitions of Division)
1. ¥R, RSB, 3 5530, LS EHE.
ax-b=c; {(—a)z{-b)=¢c; {(—a)y=b=-c¢c
In division, if @ and b have the same signs, then a/% is positive,
and if & and & have opposite signs, then a/b is negative. Let their
absolute values be divided by each cther.

8] 3.12(Example 3.12) (-12)+(-3)=4; (-15)+3=-5

2. FRLMEMR — N ARETEALE BEE,
Zero divided by any real number which is not zero equals zero.
0+ a=10; 0+56 =20

3 .13(Example 3.13) 0:3=0
F 377 ( Power)

{—) F}F E X (Definitions of Power)
1. iR n HIEREE, b T — %W
b“::‘b'b’b""'f}
N ES
W b WRIE, n R 9HEEL.
H r is a positive inleger and b any real number, then,
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b" = b -b-b----b

L -

n factors

The nutnber & is called the base and n the exponent.

2. EEA{E IR RS R ER.
Any power of a positive number is positive.

] 3.14(Example 3.14) (1) (2)'=2%x2x2=8
(2) (2 =2x2x2x2=16

_ i 1
(3) (2)*=55=7
FEEAE: (1) Three cubed equals two times two times two equals

eight .

(2} The fourth power of two equals two times two times two
times two equals sixteen.

{3} The minus second power of two equals one over the

second power of two equals one over four.

3. A ATRERAR, MBNBEKERIER.
The odd power of a negative number is negative and the even power
of a negative number is positive.

1 3.15( Example 3.15)
(V) (-2P=(-2)x{-2)%x(-2)=-8
2y (-2¥=(-2x(-2)x(-2)x(-2)=16
A #EAE: (1) The third power of minus two equals minus two times
minus two times minus two equals minus eight.
(2} Minus two to the fourth power equals minus two times
minus two Hmes minus two times minug two equals

sIxteen .
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(=) 3&F7EN (Rules of Power)
LA™ = b™* " = b sbhere bbb
mA I Cactors) n 1B F{ factors)
HARTHAE T b MR R m + o, FFUBEREFT ™" .
HLIELE: b to the mth power times & to the nth power equals b to the
power of m plus n . Since the total number of factors 4 on
the right is m plus n , this expression is equal to b to the

power of m plus n .

# 3. 16( Example 3.16)
(1} 2%+ 2% — 23+4 _ o7 (2) 2 - x* = &7

2. IFE() a 2 0,
g bi‘t-bﬂ'i—n: bil"t-

= e
B MFBRGE) mo»> n
= 1 " — 1 MR} m = n
bul_m MPEGD m < n

HL W ELE: Let a not be equal to zero. If m is greater than n ,then 5 to
the mth power over b to the nth power equals b to the power
of m minus n ; il m equals n , then b to the mth power over
b to the nth power equals one; if m is less than n , then &
to the mth power over b to the rnth power equals one over &

to the power of n minus m .

) 3.17( Examgple 3.17)

2 s 2 _
(1);:2”:23 (2)22_1 (3)
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T L L S

[

nt8" (i faraoes 5 )

Fa L EE: The nth power of b to the mth power equals the m times n
power of b .Since & to the mth power equals & times b times
etc., times &, where b occurs as a factor m times, and since
the number of such groups of m factors is n , the total
number of factors is m times n .

#] 3.18( Example 3. 18)
(1) (23)2 — 23*2 — 26 (2) (x:'.)z — xS-E — xﬁ

4. (ab)™ = a™b"™
H L VE . The mth  power of the quantity « times § equals a to the m
th power times b to the mth power.

#1 3.19( Example 3.19)
(1) (2-3)° = 25-3% (2) (x9)% = 2°%°

a\" _ a”
s.(2) =% eo
FYAEVE: The mth power of a over b equals ¢ to the mth power over b
to the mth power, if only & is not equal to zero.

# 3. 20{ Example 3.20)

W (3) =% @) -

=al%a
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OGBS IER XA (Order of Mixed Operation )

AT A a8 e, —BRF R

@ FedEATHE 5 I RNE

@ H&KE a8

Q BN ESABERIZE ;

A fh7 A T A o .

When simplifying an algebraic expression, the general order is

(@ Carry out all operations within parenthesess

&} Do exponents next;

(3) Complete multiplications and divisions, working from left 10 right;
oy Finally ,do additions and subtractions, working from lefi to right.

{5 3.21( Example 3.21) ‘H’H(Calf:ulate)

1 .1 1. 3 _ .1

Esx(3—2)xl.14
# ( Solution ) -

1. 1. 3 1

2 xlz-3)xqy+ly

11 1.3 _ 5

=5 x{-g!*X71* 4
1.3 5

=T34
__L.5_ 1. 4__4__2
T T107T 47 10057 50 25

{5 3.22{ Example 3.22) it H (Calculate)
—10+8+(-2)"-{—-4)x(=-3)
##% ( Solution } -
—10+8+ (-2 (-4 x{(=-3)
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= —10+8+4—-(-4)x(-3)
= —10+2-12= - 20

4+ . i= 3 ( Properties of Operation)

{—) 3= ( Commutative Properties)
a+b=1"54+a; a*b==56"a
T LEEAE: a plus & equals b plus a3 a times b equals b times a .

WHAEm S AER , ZHHAE, BTN EAE.
The commutative properties say that the order in which we either add

or multiply real numbers doesn’t matter.

51 3.23(Example3.23}
W& (Calculate) 30+ (-20); (-20)+30
fif (Solution): 30+ ( ~20)=30-20=10
{(-20)+30= -20+30=10
Bl (Namely): 30+ { -20)=(-20)+30
B E4E . Thirty plus minus twenty equals minus twenty plus thirty .

#1] 3.24( Example 3.24)
8 (Calculate) 5x(-6); (—-6)x5
i {Solution): Sx{(-6)=-30; (—-6)x5= =30
B (Namely): S5x{(-6)=(-6)x5

3 iE4E : Five times minus six equals minus six times five.

{—) 8581 ( Associative Properties)
a+{b+e)=(a+b)+c
a-{(b+¢c) =(a-b) c
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PLSCEAE: e plus the quantity b plus ¢ equals the quantity e plus & plus
cC .
a times open parenthesis b times ¢ close parenthesis equals
open parenthesis ¢ limes b close parenthesis times ¢ .

=B (e AEFR ) . NS S P 8o (A AR, B (2R
e ) /i — - %, 5% S5 FE B BT SO I (SR AR ) B RS = Eos i
(B3 ), HIEATE.

The associative properiies ilell us that the way real numbers are
grouped when they are either addad or multiplied doesn’t matter.

B 3.25( Example 3.25)
T8 (Calculate}) [8+(-5)]1+(-4)
B+ [(-5)+(-4))
#F(Sclution): [(B+(-5)])+(-4)=3+(-4)= -1
8+ ((-5)+(-4)]=8+(-9)= -1
BI(Namely): [8+(-5)]1+{(-4)=8+((-5Y+(-4))

) 3.26( Example 3.26)
i HE (Caleulate) (3x(-4))Ix{-5); 3x[{-4)x(-=-5)]
B (Solution): [(Bx(-DIx{-5)=(-12)x(~-5)=60
3Ix[{-4)x(-5)]=3x20=60
Bl (Namely): [(3x{-4)]x{(-5)=3x[(-4)x(-5)]

(=) 4Bt (Distributive Properties)
a{(b+c)=a-b+a-+c
(b+cYra=b-a+c"a

FIEANE : @ limes the quantity & plus ¢ is equal to a times b plus a

umes ¢ .
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The quantity 5 plus ¢ times a is equal to b times a plus ¢
times a .

PR S — 85k, F T84 5 58k, &
HTH B .

The product of a real number times the sum of two others is the same
as the sum of the products of the first munber times each of the others.

#] 3.27(Example 3.27)
B (Calculate) 5x[3+(-7)): 5x3+5x(-7)
f# (Soltion): 5x(3+{(-7))=5x(-4)=-20
Sx3+5%x(-7)=15-35= -20
Bl (Namely): 5x[3+(=7})= 53x3+5x(~-7)

#) 3.28(Example 3.28)

X ] 1 1
118 { Calculate) (4 + rim 2)){12
. 11 1
% { Solution ) : (4 +6 2) x 12
FUV R IR
—4x12+63(12—2>{12—3+2 6=—1

§3.2 ¥ HIEH (Operation of Integral Expressions)

— JL1 B E M ( Several Basic Definitions }

(—) %= ( Algebralc Expressions)
LR B RS I A EER PR FENTEE(ERER)
29




1k BT BR O LR
In the operation of addition, subtraction, multiplication, division,
exponentiation { raising 1o powers} and exiraction of roots, the expression
formed from any combination of numbers and variables is called an

algebraic expression.

1 3.29( Example 3.29}
7, x, 2x =3y + 1, ix ":—1, rt H e/t o+ hE B R AGEREL

7, x, 2x — 3y + 1, ix‘i—l, xrand 7r v/ 12 + A are all
xy + 1

algebraic expressions.

{—) %3 {Integral Expressions)
SEEPARGHFRH(RER) AR EXXP /B
Wi M A K.
The algebraic expression without letters or variables in denominators

is called an integral expression. An integral expression includes
monomials and polynomials.

# 3.30( Example 3.30}

2x{a —5), 2x +3xy°> + 1, 5a —3a%b 4+ b%a -1 M0 -—%xyz

¥R,
2rxla —5), 2x +3x;v2 +1, 5a ~3a’b + 5%a — 1 and — %xyz

are all integral expressions.

(=) BaXi=X { Monomials)
1. E X (Definition)
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R - 18755 5 (a0 s ) a9 B Ut m g o =
The algebraic expression containing only one product of numbers and

letters or vamables is called a monomial ,

#if 3.31(Example 3.3])
dx, — Tar?, %azbz, 5, ab Hl — n ¥ HETHF

dx, — 71}'2, —; a’b?, 5, ab and - 7 are all monomials.

2. FIRCH RS KB (The coefficient and degree of a monomial )
I, T IR T A AR LG R T R (B R DR
Z MY A MA R B ARTBE RO ERBRIEE KR .
A number is called the coefficient of a monomial. The sum of all the
exponents of letters or variables is called the degree of the monomial( the
variable marked uo exponent is regarded as a first power) .

#l 3.32(Example 3.32)
(1) 4 FREE 4B — WA
The coefficient of x is 4 and the monomial has degree 1.
(2) - Txy* FHECH - 7 WEIKAT
The coefficient of xv° is — 7 and the monomial has degree 3.

(3) Ta?h?  RECH L MR ALTL |

The coefficient of @5 is - and the monomial has degree 4.

(4) 5 R O WM.
5 is a constant and has degree 0.
(5) ab FRE 1 Remsk.
The coefficient of ab is 1 and the monomial has degree 2.
(6) —n FREH -1 - WHRIK
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The coefficient of n is — 1 and the monomial has degree 1.

(M)} £\ (Polynomials)
1. 7E 3 (Definition)
A P ek P DL _E AR = 1 0RO
The algebraic sum with two or more terms is called a multinomial or

polynomial .

2. ZI0 5 B Terms of a Polynomial )
E 2 B EW A MBI T, A3 E I R

RO .
In a polynomial, each monomial is called the terms of the
polynomial . The term which contains no variables is called a constant term

of the polynomial .

7l 3.33( Example 3.33)

(1) HEGX dx — 59,4, - 5 ZERT, Hp -5 2.
In the polynomial of 4x — 5, 4x and — 5 are its terms in which

9 18 g constant tenn.

(2) EEZHI 622 — 22 + TH,62%, - 22 T REHW, HP7
£ H B -
In6x2 — 2x + 7,6x%, — 2x and 7 are its terms in which 7 is a
constant term.

(3) EETR o+ ab + b2, 0%, ab , PP BEHIN, &4 H80H.
In @@ + ab + &%, a’, ab and b? are its terms in which there is no

constant term.

3, 10 2 H9 ¥ B ( Degrees of Polynomials)
72 BT, RS W B R B R B OB Y i 2 T
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IR B .
The highest degree of all terms that appear with nonzero coefficients
in a polynomial is called the degree of the polynomial.

5l 3.34( Example 3.34)
(1) 4x -5 —IR =T X (a binomial with degree 1) .
(2) 65° - 2x + 7 W =IMA(a trinomial with degree 2) .
(3) @ + ab + b2 =P =X (a trinomial with degree 3) .

=. &AM (Addition and Subtraction of Integral Expressions)

(—) &3 F28M ( Combining Similar Terms)
1. [ 2530 (Similar Terms)

BB FR B AN H 35 R B TRER O R 26 .

The terms that are identical, except for their numerical coefficienis,
are called similar temms or like terms.

#1 3.35( Example 3.35)
4% + 29 —3xy + 7 + 3y ~ 8x% - 2
HEXTETRA 422 5 - 8x* RE B, 2y 5 3y £FE,
75 -2 BRFEHW, B - 3ay 7 B,
In the polynomial, 45 and — 822 are like terms, 2y and 3y are like
terms, 7 and — 2 are like terms, but — 3xy has no like term.

2. 5 3 [ M (Combination of Similar Terms )
R DPHRSSTFHE .
The way to combine the similar terms of a polynomial as one is
called the combination of similar tenms.
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3. & FiL 4 ( Properties of Combination )

P aY R B, RIS MYTRERS B F B (TS T
B{RER)MNEHRAE.

The coefficienis of similar terms are grouped together and the result
is used as the coefficient and the letters or variables and their exponents
are not changed.

#13.36 BB 3> + o HFFWEET.
h: 3x7 + 2 = (3 + 1)1 = 42

Example 3.36 Combine the similar terms of the polynomial 3x? + x° .
Solution 3x? + %7 = (3 + 1)a® = 447

B 3.37 BTFH TG HRERKR
- 4x% — 8x + 5 = 3x% + 65 — 2
W: 4x° —8x +5 -3z +6x 2
= {422 — 3x%) + {-8x +6x) + (5 -2)
= x* —2x + 3
Example 3.37 Combine the similar terms of the following polynomial
4x2 - 8x + 35 - 3x* + 6x — 2
Sohution 4x2 —8x +5 ~3x% + 65 — 2
= (42 —3x%) + (— 8x + 6x) + (5 - 2)
= x2-2x+3

(=) £1EE 551 S ( Removing and Adding Brackets)
1. % 4% 5 (Removing Brackets)

FEERAEY + 7, RS MEHEMN + "R, E SRS TE
FRAFS EEWES -7, BESNEWNEMN - "8, BSES
WER L S,
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If ihe sign before a bracket is “ + 7, then remove the brackets and
the sign “ + 7 without changing any signs of the terms in brackets; if the
sign before a bracket is  — 7, then remove the brackets and the sign

] »

— " ,and change the signs of all the terms in brackets.

#3.38 WTHREMAEHKS
(1)a +{—b +¢c —d) (2Ya —{~b +¢c — d)
H: (1Yae+(-b+ec-di=a-b+c-4d
(2)a~-{(-b+c-d)=a+b-c+d
Example 3.38 Remove the brackets of the following polynomials
(1Ya+{-b+¢c—-4d) (2)a-(-b+ec—-4d)
Solution (1) a +{~b+c—-d) =a—-b+c-4d
(2Ya-(=—brc—-d)=a+b-c+d

#]3.30 BTFAEMALEES, HS AR
(1Y8a +2b + (5a - b) {2Y6a —2(a — ¢)
#: (1)8a + 26 +1{5a-1b)
=8a +2b+5a-b =13a + b
(2Y6a — 2(a — ¢} = 6a —2a + 2¢ = 4a + 2¢
Example 3.39 Remove the brackets first and then combine the similar
terms of the following polynomials
{1)8a + 25 + (5a - b) (2)6a - 2{a — ¢)
Solution (1) 8a + 25 + (5a - &)
=8a +2b+5a - b = 13a + &
{2Y6a —2(a — ¢} = 6a — 2a + 2¢c = 4a + 2¢

2. #$5 S (Adding Brackets)
AEEE,.EENEE + . FIFSENEMBATENS;
FESE,.ESHEEY -7, IFES BN SN ERS.
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After adding brackets, all the terms are not changed in signs if the
sign before the bracket is positive. If the sign before the bracket is
negative, then all the terms must be changed in signs after adding
brackets.

#) 3.40( Example 3.40)
x - 54> —4x + 9 x —5x° + (—d4x + 9)
-5 —dx +9 = x° - 537 - (4x - 9)

(=) B 5 B (Procedure of Addition and Subtraction)
# 0w ) — 8% 25 3R ( Ceneral Procedures) :
O MBBHEFES , HEER/RSEMAERTES;
For the expressions with brackets, first remove the brackets;
@ G E 2.
Combine similar terms.

#) 3.41( Example 3.41)
S5x2y + (— 2x%y) +2xy” + (- 4x%y)
= S5x2y — 2x%y + 2xy” - dx?y = 22y + 2xy?

] 3.42(Example 3.42)
(3x2 - 6x +5) + (422 + 7x - 6)
={(3x%> ~6x+5) +4x> +Tx - 6

:?x2+x—1

HAl 3.43( Example 3.43)
(22> + xy + 37%) — (&% - xy + 25°)

2+xy—2y2

=222 + xy +3vF — &
= x2 + 2xy + ¥
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= (B AI T £ (Multiplication of Integral Expressions)

(—) FREEEEE
( Properties of Multiplication for Powers with the Same Base)
R B AERR, B, 5 A8 .
a® - a* = a™*'" (m,n &R EEE)
a®a" - a’ = g"""re (m,n,p #BRIEHEE)
In multiplication of powers with the same base, keep the base and
add their exponents.

a™ s g® = a™t" ( m , n are posilive integers)

m

a™ - a® - af = a"ttte

(m,n,p are positive integers)

! 3.44(Example 3.44)  iT5 (Calculate)
(1) 107 x 10 (2) 2% « &°
##% ( Solution} : (1) 107 x 10* = 10°** = 10t

(2} xz 2 xs — x2+5 = x".-‘

#l 3.45(Example 3.45) it% (Calculate)
(D2 x2x2 2 y-42-y
f# (Solution) : (1) 2% x 24 x 25 5 23+4+5 - 212

(2} y . y2 . y3 - yl+2+3 = J"'ﬁ

(=) MERAFSHPIS
( Powers of Exponents and Products)
1. FEFE F7 M (Property of Power of Exponents)
JE A B BUHTE.
(a™)* = a™ {(m,n HEIEB¥).
The base remains the same and their exponents are multiplied by
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each other,

(a™)" = a™ {m and r are beth positive integers)}.

#il 3 46( Example 3.46) i1 (Calculate)

(1) (107)? (2) ()
(3 — (4*)° (4) (a™)*
% ( Sclution )

(1) {107)% = 1072 = 10M
(2) (2% = 2% = 18

{3} _ (j’4}3 - _ jr,4>-<:’- - — :F.I’Z
{4) (am)&l = amx4 - a4m

2. FLE9 3k 5 3 I ( Property of Power of Product)
BN — R B )7, B R, B
(ab)" = a™b" {(n NIERH
{abe ) = a"b"" (n MIERE¥)
Multiply each factor of a product by its exponent and then multiply
‘the resulting powers.
(ab)"” = a™" (n is a positive integer)

{abc)™ = a™b"c" ( n is a positive integer)

A 3.47(Example 3.47)
42 (Calculate) (1) (= 3x)? (2) (= 5ab)?
(3} (29%)? (4) (- 2xy°2%)*

#% (Solution ) :
(1) (=3x)° = (=3)%2° = - 27>
(2) (- 5ab)? = (- 5)a%t® = 25457
(3) (w2 = & - (5702 = a%y*
(4) (= 2297220 = (= 2) () () (A
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161;4:}"'223

4] 3.48(Example 3.48)
HHE (Caleulale) (1) ¢® - a* - e + (a2)* + (= 2at)?
(2 20x3)? » 2% - (33 4+ (5x)% - &7
f# ( Solution) :
(1) &’ - a*va + (a®) 5 (- 2a%)2
— ﬂ3+4+] T 62:-:4 + (_ 2)2 . ({1-4)2
= a' + a® + 44® = 648
(2) 2(x*)% « 2% = (3270 ¢ (5x)% - 47
= 2x" « x% - 274% + 2522« &7

=2x7 — 2727 + 25x% = O

(=) fa1R3X Y 7 5% ( Multiplication of Monomials)
BR800 B8 R FE (AR )45k,

For the multiplication of monomials, multiply their coefficients and
the same letters or variables, respectively.

5 3.49( Example 3.49)
(—5a?b3) - (- 3a)
= [{=5) - (-3)3(a”+ a)b® = 15a%}°

1 3.50( Example 3.50)
(4 x 10P)(5 x 10P)I{(3 x 10*)

= (4 x5 x3)(10° x 10f x 10*)
= 60 x 10° = 6 x 10'°

] 3.51(Example 3.51)
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_ ‘g—xg‘yz-zxzy“
2

= (gx%)(x?"xz)(:rz*f)
3 s 6

(M) IG5 5 % 5048 & ( Monomials Times Polynomials )

AR A X REWM AW F— 0, BT S8 BT,

Have a monomial multiplied by each term of a polynomial and then
add their produets.

#il 3.52( Example 3.52)
(—4x) > (2x2 +3x - 1)
= (- 4x) +(22%) + (—dx} + 3x + {(—4x) - (= 1)
= — 8x® — 1242 + 4x

i 3.53( Example 3.53)
- 242 - ('-é“ab + 42 — 5a(a?b - ab?)

=—a’b — 2a%*b* - 5a°b + 5a*t?

= - 6ab + 3a%b*

{F) &I AR % (Multiplication of Polynomials)
KH— I ZTRNE—TRUB—1TERAAXNE W, 7FiC
B 18 a9 348 .

Have each term of one polynomial multiplied by each term of another
and then add the resulting products.
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e

i 3.54( Example 3.54)
(x +2y)(5a + 36}
=x-5a +2x*3b+2y-5a +2v +35
= Jax + 3bx + 10ay + 6by

17 3.55(Examp]e 3.55)
(x + ¥)(x® = o + %)
=z -2y + w2+ %y — k= X%y

] 3.56{ Example 3.56)

(x +30)(x - 40)
= x2 —40x + 30x - 1,200 = 2% — 10x — 1,200

JEF 1 B& 3% ( Division of Integral Expressions)

{—) FEE%ReYE: % (Division of Powers with the Same Base)
1. FEXCREHER, KR, 35 ¥AEnN, B

a® + g = & "

He,. g =20, m,n I RTEEH . H m > »n.
In division of powers with the same base, keep the base and subtract

their exponents.

a* -a® = a

where & = 0, m and n are both positive integers and m > n .

m—-r

il 3.57( Example 3.57)

x° = x° = x5% = 48

(ab)® + (ab)? = (ab)® P = (ab)® = &*H® .

:yn+2 - j,2 — j"n+2_2 - Jr,m
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2. AR A FE TENHNFUNHFRET 1.
The Oth power of any nonzero real number equals 1.

a’ =1 (a » 0)

% 3.58( Example 3.58)
P =1 100 = 1 (abe)? =1 (xp°)° = 1

3. EMAFETEHRY - p (p RIEEE) KE, X121 p
e L
The minus pth power of any nonzero real number equals the
reciprocal of the number to the pth power. Here p is a positive integer,
that 1s
1

-P L
{2 = .
af

% 3.59( Example 3.59)

-3 _ 1 _ 1

077 =16~ 1,00
v . ol
5 % 10 _1}(102'"100

(=) I ER L 3 TRZE (Monomials Divided by Monomials)

IR R AR, IR R B R R TS BAERR, RO R X T
NESBRRESAHTFE(EER), WER T IEBENEN—
K.

In division of monomials, the ceefficients and powers with the same
hases are divided, respectively, by each other,which are regarded as the
factor of the gquotient. For the letter (or variable ) involved only in the
dividend , we regand it, as well as its exponent, as a factor of the quotient.
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i 3.60( Example 3.60}
{1) 28xdy2 =X ?xsy = (28 + 7) - x4_3y2*1 = 4xy
(2) — 5a%b% + 15a*83

= ((—5) 2 15)« a5 %133, — _ %ac
(3) - &®x*y* = (- %axyz) = %ax?'jr

(4) (63:2}'3)2 < (3:5}'2)2 = 36:.!:43'6 = 9x2y4 = 4x1y2

(=) SAAB L BT ( Polynomials Divided by Monomials )

20 101 T RR LA B0t 3, Se 38 X 4~ &0 01 =0 By & — 0T B A 3 1~ B T
=, FE B A3 A9 R AR b0 .

When a polynomial is divided by a monomial, first have each term of
the polynomial divided by the monomial , then add their quotients.

] 3.61( Fxample 3.61)
(28c> - 14a? +7a) + 7a
=28a = 7a —14a* + 7a + Ta =+ Ta
= 4da? - 2a + 1

) 3.62( Example 3.62)
(36x*y® — 2457 y? + 3x7y2) = (- 64%y)

= — 6a’y +4xy—%y

#l 3.63( Example 3.63)
((2x + y)? — y(y + 4x) — 8x) + 2«
= {42 + dxy + y* — y* —4xy — 8x) + 2x
= (4x® —8x) +2x = 2x — 4
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. HREA B ER 5 #8 (Product Formulas and Factoring )

(—} k23 (Product Formulas)
1. 37 24452, ( Difference of S;IuarES)
PRS- MR ESEETIRHE N E 8D
(e + 8¥(a - b)) = a® - B
The sum of two real numbers times the difference of the two real
numbers equals the difference of squares of the two mumbers, that is
(a+ 6)(a - b) = a? — b?

Bl 3,64 Example 3.64)
AL 18 (Simplify) 102 x 98
% (Solution): 102 x 98 = (100 +2) (100 - 2) = 100% — 22
= 10,000~ 4 =9,996

# 3.65( Example 3.65)
(y + 2y ~2)(5* + 4)
## (Solution ) :
(r + 2(y = 2)(¥* + 4)
=¥ - +4) = ()P -4 =y -16

2. SE4 - 243K (Perfect Squares) :

PR (ak ) W, ST e 018 07 fim b (B Xk ) el
RYFRAY 2 fiF, B
HEFHRAK: (¢ + b)Y = a* +2ab + ¥
REFHEAR: (a - b)? = a® - 2ab + ¥

The square of the sum or difference of two real numbers equals their
squares of sum plus or minus twice their product, that is
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sum of perfect squares: (e + b)? = o + 2ab + 5°
difference of perfect squares; (e — b)? = a? — 2ab + 47

%] 3.66( Example 3.66)
(1) 1022 = (100 +2¥ = 1008 + 2 x 100 x 2 4+ 22
= 10,000 + 400 + 4 = 10,404
(200 — 1)? = 2007 - 2 % 200 + 12
= 40,000 ~ 400 + | = 3,9601

(3) (’;—’ + 5 - (;ff ~-5)°

(2) 199°

I

2
=%+5x+25—(%-5x+25)

2 2 )
=%+5x+25-—»%+5x—25=10x

3. SEA N H 2 R (Perfect Cubes)

R (RZVORU BN T AN SENHRBE(RN),F

TFXE B s AR (), Bp
sEF AHAE: (a+ bXa2-ab + b)) = ¢ + B°
e HFELAR: (a-b)Xa?+ab+ ) =d - b

The sum or the difference of two real mumbers times the sum of their
squares minus or plus their product equals the sum or the difference of the

two real numbers cubed, namely
sum of perfect cubes: (a + b)(a® — ab + b?) = &’ + B
difference of perfect cubes: {a — b){a? + ab + b%) = 2® -

%] 3.67( Example 3.67)
(1} (4 4+ a)(16 - da + a*} = (4 + a)(4® - 40 + a?)
=47 4 & = 64 4 o7

(2} {5z - '%';r){Zsz + %xy + ';If:rl)

53
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= (5x = 5P+ (5:)(Ey) + (330

= (5x)° - (%}'33 = 125%% — %,ﬁ

(=) BER 45 8% ( Factoring
HEATEN L, R RBE IR, &3 - & ] gk LA
— B . mET IR
(x — ¥v)(x + y)(237 - y)x
FORHAR (2 — v),(x + v). (227 ~ ) FI x. IXFIE—TFWA
125 n 8 AR FRYTE A, 0 i85 A~ 2 A W 255, o i 4
LIS E I
When two or more algebraic expressions are multiplied, each
expression is called a factor of the product. For instance, in the product
(x - y)(x + y)(22° — y)x,
the factors are {x — ¥}, (x + ¥), {22° — ¥} and x. The process of
changing a polynomial into a product of n integral expressions is called
factoring or factoring a polynomial.

1. # B A (Abstracting Common Factors)
HEEMAXZFHENEANLBFE ST ERAERLSN
7.
The process of abstracting the common factors of a polynomial out of
‘their parentheses is called abstracting common factors.

7 3. 68 Example 3.68)

H=am &=
Factor the following expressions.

(1) 202y + 8xy (2) ulv + w) + 7v(v + w)
i (Solution } ¢
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(1) 20x%y + Bxy = (dxy)(Sx) + (4xy)(2) = 4%y (5x + 2)
() uCe +w0) +7vlo+w) = (uw+ToXe + w)

2. iz R34, (Using Product Formulas)
1] 3.69(Example 3.69)
(1) 2562 — 165> (2) 2772 — 8c*  (3) 2% + 6457
% (Solution )
(1)25:% — 165* = (52)? — (45)% = (5t — 45)(5¢ + 4s)
(2) 2772 - 8c® = (3,03 = (20
= (37 - 2e)({3r)2 + (3r)(2e) + (2¢)%]
= {37 - 2e)(9r% 4+ 6rc + 4c2)
(3)2* + 64y = &7 + (4y)? = (x + 4y)(x? — 4xy + 16¥%)

3. ZIR=M, ax® + bx + ¢ MEA &
{ Factoring Trinomial of the Type ax® + bx + c)
MNP a,b,e HEE,a = 0, FHOHEER ax® + bx + ¢ BHEM—
X=X FHN N AR, HP,a = a1az, b = ajez +

ax2+ b.-r + £ = t1|£12x2 -+ {1'11162 + ﬂzﬂi)x + CjEa

= (ayx + ¢1}(azx + c3)

a1, €1 a1,z T T AL
a, <y
ﬂz><¢_z

If ¢,6, and ¢ are integers and @ 7= 0 , it may be passible to factor
a trinomial of the type ax” + bx + ¢ into a product of two binomials , where
ife = aja, ¥ = a1¢2 + azc; and ¢ = ¢yc,, then
ax? + bx + ¢ = a,a:x° + {aje2 + azc1)x + 16
= {(a1x + ¢,)(ayx + c3)
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@1, 01412, C3 can be ordered as follows

ﬂl Xcl

a, Cy

TR AR, B, R RE RN ST b, XFRIEARB T
Tt R,

Multiplying @, by ¢; and a2 by ¢, along oblique lines and then adding
their products, the result is 4 . this method to factor a trinomial is called

cross multiplication.

1 3.70( Example 3.70)
HAAMR=TA 227 + 92 + 4
Factor the trinomial 2x° + 9x + 4
. 257 +9x+4 = (22 + 1)(x + 4)

4. 538 43 % (Factoring by Crouping) _

Aol LR R 7 S — P F WA R A4, IR B A
b3: D

Sometimes we have to group the terms of a polynomial in a cenain
way in order to see how it can be factored.

#1 3.71(Example 3.71)

Far ] T a3

{ Factor the following expressions by grouping)

(1) ac + d — ¢ — ad (2) x? + 4xy — 9% + 4y*
(3) 42 —Bx? — x + 2 (4) a* + 62%v* + 254*

#% { Solution ) :

(ac+d-¢c—ad = (ac —¢) + {(d - ad)
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=cla-1)-dfla-1) = (¢ —d)(a -1)
(2) x% + 4y — 9¢% + 492 = (2% + 4xy + 4v7) — 92
= (x +2y)* - (3c)?
= [(x +29) - 3¢)({x + 2y) + 3¢
= (x 4+ 2y - 3¢)(x + 2y + 3¢)
(3)ax? —8x% — x 42 = 4x°(xx —2) — x4+ 2
= 4x(x -2} - (x = 2) = (422 - 1) (x ~ 2)
= (2x - 13(2x + D(x ~-2)
(4) &% + 62297 + 25y* = (& + 102297 3 259%) — 4x°y?
= (2% + 54%) — (2ay)?
= [(x* +5%%) = 2x¢)[ (2% + 59%) + 2xy)
= (%% = 22y 4 592)(x% + 2xv + Sy°)

§3.3 43 FR T (Fractions and Radicals)

~— 53, ( Fractions)

{(—) ¥ ( Definition)
AR, HIEARBUERSDPEEFEERTR), 8

fif o=
Quotienis of two algebraic expressions with denominator contaiming
letters { or variables) are called fractional expressions.

L2
x° —S5x + 1 = 3yz 1
A 3.72( Example 3.72) E47 5; °  4xy

Pi_E 3342, . (The above are all fractions)
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(=) #Z1{4 K (Basic Property)
SRS TFHAFERUREBELDFE— A TTEHEL,
4y X MEATE, B

@ _em @& _azm
b “bm' b ~bam (m=0

If the numerator and the denominator of a fractional expression is
multiplied or divided by the same nonzero integral expression, then the
value of the fraction remains the same, that is

£{@ i ] o + It

b = bm' b T h:m (m 5 0)

& 3.73( Example 3.73);

2
a7 1k (Simplify ) ek x—z 5_x4— %

3x” — 5x — 2

2 — 4

(B3x + 1)(x -2} 3x+1
(o +2){(x-2) = x+2

f ( Solution) ;

5] 3.74( Example 3.74)
i . 2 - x —3x°
&5 1k ( Simplify 6 — % -2
#E ( Solution )

2-x-3x> ((+x)2-3x) -+ x)
622 —x -2 (2x+1)3Bx-2) - (2x+ 1)

) 2—x—3x2_—(3x2+x—2)
K or) 6x* —x =2 6x° - x -2
(3x - 2)(x + 1) x + 1

=T (B3x -2)2x + 1) T T 2x+ 1
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(=) 533ViE ¥ ( Fractional Operations)
1. 432X A3 BR Bk (Meltiplication and Division of Fractions)
1} 2943 Cancellation)
EoaAsarFySodaBERR . AN T548NAH
e R e A8 24 4y
Factor both the numerator and denominator of a fraction and then

cancel their common factors. This process is called cancellation.

2) H 18751 3% (Lowest Terms)
— A B F 5 ARG A EA T, ol il a4 =X
A fraction whose numerator and denominator have no common factors

is said 10 be reduced 10 the lowest or simplest terms.

] 3.75( Example 3.75)

& 4£( Simplify)
— 32a*bc m? — 3m X+ 4x +3
0 24 5% cd ) D — m? (3) 2y x—6
##% ( Solution ) :
(1) =32a’bc _ _8blc -4a’b __ 4a’b
24b%cd Bb2c « 3d 3d
m>—3m _ m{m —3)
(2) o = _(mE_9)
_ m(m —3) ___m
ST (m+3)(m =37 m+3
(3} x2+4x + 3 _£x+1}(x+3f' _ x + 1
-6 (-2 x+3) 7" x-2

3) 43493k B ( Multiplication of Fractions )
ARELAS X, AN FHREHENS T, A BE RS
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#, Bl

4 £ a

b ba

In multiplying a fraction by another fraction, use the product of the
numerators as the numerator of the product and the product of the
denominators as the denominator of the product, that is

ir C

R N 2
b d T bd
%l 3.76( Example 3.76)

T8 (Calculate) Z N &

3y 2x7
#% { Solution) :
4z |y dx - y 2

3y 2 T 3y + 22 7 34

) 3.77(Example 3.77)

_a’-4 | __a-3
3 ( Calculate) i —-4d4a+3 a’+3a+2

% ( Solution) :
a’ — 4 ) a —3
a’—4da +3 a*+3a+2
_(ﬂ+2)(ﬂ—2) a—3

" (a-1D(e-3) {a+1)a+2)
(a + 2){a —2){a - 3)

(a —1)(a —-3)(a +1){a + 2}

_ a — 2 _a =2

" {a+D(a-1) T g2 _1

4) 4377 BB (Division of Fractions)

GBI MG T A RENE)E, SERAM
5, Bp
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In dividing a fractional expression by another fractional expression,
inverse the numerator and denominator of the divisor, and then have it
multiplied by the dividend, that is

e ¢ a  d ad
b T d T b c  be
B 3.78( Example 3.78)
iTH (Caleulate)
eb? — 3a%b>
2;:2 - 4ﬂ‘d
7% (Solution} :
ab’?  —3a’h?  ab® _ 4ed
2¢2 7 ded T 2eF 0~ 36282
_ ab’ - d4ed _  2d
T 2¢% - 34252 T 3ac

%) 3.79(Example 3.79)

& ( Calculate)
2x ~ 6 2 +x -6
4—4x+x2%(x+3). 3-=x
f# (Solution) :
2x — @ x> +x -6
4_zx+x2+(1+3)' 3 ox
_2€x-=-3) 1 (x+3)(x-2)
T {5 -=-2)2 x+3 ~{(z =3)
o Ax =3 (x+3)0(x-2) 2
T (-2 (x +3)(x-3) T x-2

2. 33 /I3 /7 ( Power of Fractions)
AR BERSF ARAEERA B

(£) =2 (nmERR)
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The power of a fraction is to multiply the exponents of its numerator
and denominator, respectively, that is

a a” . e
(?) = b_"’ (n is any positive mteger)

i 3.80( Example 3.80)
HE { Calculate)

W (23)

@ (-2 (2 (-2

A

ﬁg(&)lution):
(1 (2_@_2_@)3 _ 22?2 - b Bafd
—(:3 = {—C3}3 = —{.‘9
2 24 3 a
x ¥ X
@ (-%) - (-%) + (- %)
=£.(_£)_£=£_(_£) P
52 JNED B ¥ Y R
Yy xy Y X

3. A2 A0 I ( Addition and Subtraction of Fractions)

1} Hfa 253 (Least Common Denominator)

433X & - B A B R IR B e KRR A B o Al R 4 S BE

The product of all the different prime factors in the denominators of
the fractions, each taken the greatest number of times it occurs in any of

the denominators, is called the least common denominator.

2) B4 (Reduction of Fractions to a Common Denominator}
2 7 RS R 2BNEERS ¥ 1 4 2 H %5 5 18] 4 B

5>, B LR OGR4 e, 8 W5 T /S B R
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KL —A~HE R i {E

The process of reducing fractions that have no comumnon denominator
to those that have a common denominator is called the reduction of
fractions to a coimmon denominator. To do this, multiply the numerator

and denominator of each fraction by an appropriate value.

- ¥ E 1
7l 3.81 M4 (l)(l)Zx (2 =5 (3 Zecy

3y
% .
Bl 2 57 B 1207
(1) X o 226y 6y°
2x 2x - 697 12xy°
X x "4x 4x?
(2) 3y7 T 3y% e dx T 12xy°

Axy ~ dxy ¢ 3y 12 xy”
Example 3.81 Reduce the following fractions to a common denominator.

x 1
(1) i (2) 3,2 (3)

4 xy
Sotution
Since the least common denominator is 12xy?,
(1) N __.'}_"_,:___672 — 6'}'3
2x T 2x 657 12ay°
x x+dx  _4x?
(2) 392 7 3y% o dx T 127

Adxy ~ dxy - 3y 12xy°

3) T84 8 59 4 U 3 ( Addition and Subtraction of Fractions
with Common Denominators)

W} 58 6 4 AR IR L, S8R AR 384 FTARDIBR, BE
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b 4 SR R A Ei gy -

T

a b a+ b
e b _

c C C

In addition or

subtraction of the fractions with common

denominators, add or subtract their oumerators without changing their
denominators , that 1s

a b az+h
+ =
c c ¢
#i 3, 82( Example 3.82)
H 8 ( Caleulate)
x+31_x+21+2x—-3—y
22 — 4t xz_},z x> — 32
1% ( Solution) -
.x+3jj_x+2:r+21—3'r
xz_},z 2 — 42 xz_j,z
(x +3v) —(x + 2y} + (2% —3vy) 2x -2y
= 2 _ },z T a2 42
_ 2(x — ¥) 2

%] 3. 83( Example 3.83)

i+ & ( Calculate)
m —2n ) 2m
T omn-m m-n n-—m
1% ( Solution } :
m—2n+ n___2m
n-m m-n n-—m
m —2n 3 2m
" m-n Ytm-ntm-n
. m=2n+n+2m _3m-n _,
m-n m-—n

4Y B4y fF i 4y 20 K i ( Addition and Subtraction of Fractions
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with Different Denominators )

P Or B ORI, R, IR A A R A2, SRS W
WK , B

@ ¢ _od be adx be
b *d TddETd T bd
In addition and subtraction of fractions with different denominators,

rewrite the fractions so that they do have a common denominator and then
do the additicn and subtraction, that is

ad  be ad + be

a —_— ———revemmet

0 £
b Y d T bd FThd T b

#) 3.84(Example 3.84)
i+ 3 ( Calculate)

5 2 3
6ab ~ 3ac T dabe
## ( Solution) :
5 2 3
6ab  3ac ' dabe
10¢ 8 9
= 12abe ~ 12abe T 12abe

_10c —8b 4+ 9
- 12abe

] 3. BS(Examp]e 3.85)

& (Calculate] a + 2 — 5 f a
) 4 a+2 4
% (Solution) : ﬂ+2-2_a =71 YT a2
_a2—4+4_ a’
- a — 2 T oa -2
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4. 433 HR G 2 8 (Mixed Operation of Fractions)
SAEH R R BRIR GBI RAH#HTREZE, BT E
WiEH , \BEES, CETSHR.

The mixed operation of fractions in addition, subtraction,
multiplication and division is still to do multiplication and division first
and then addition and subtraction. If there are brackets, first de the
operation within the brackets.

5] 3.86( Example 3.86)

. 1 x+3 x2—2x+1
113 (Calculate ) x+1 22 _ 1 X2 44dx 43

## ( Solution ) +
1 x+3  xX—2x + 1
x+ 1 x2_1 a4+ 4x 43
1 (x +3) ] (x = 1)
S x4+l (x+1{x-1) (x+1)(x+3)
1 x=1 w4 l-(x-1) 2
T x+l T (x4 1)t (x + 1) ~ (x+ 1)

] 3.87( Example 3.87)

\ x + 2 x -1 Cx—4
HE (Caleutare) (342 - i) e 52
2 ( Solution )

(x+2 _ x —1 );x—d-
x — 2=z x —4x + 4} 7 X
x

_[ x + 2 B x =1 ]

- :x(x—E) (x—Z)z x — 4

(x+2)(x—2)—x(x—l)_ x
x{x —2)? x — 4

% — 4 - 2%+ x 1

S {x-2)x-4)  (x -2)
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- - s e

— .13 ( Radicals

{—} TE X (Definitions }

THEHRSARBRNFE AR, Dl Vv EHRIRS n
R ARIG AR (0 BT 1 FIERE), o PR B RIER ST
. b = 00,50 W HEIHEARR,

MR~ 625 F4 I AR
V025 = 5
e - TR

Algebraic expressions containing radicals are called radical
expressions which are written as vb. +/  is the radical sign{or simply
the radical), n , which is any positive integer greater than one, is called
the index or ot and & under the radical is called the base or radicand.
When & = 0, 76 is called an arithmetical root.

index ., rincipal fourth root of 625
625 = 5 Prneps

radical =~ ™~ radicand

#1 3.88( Example 3.88)

LT & AR
{ Each of the following expressions is a radical one )
J1080; 128x0,2; —2E_

3242

RALETICH: 76 = bV»
X op BEIAEE,N 6 BIENE:Y o BE AR, b
LB R B
Vb =-Tp.
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A radical is defined by b = B/P

If n is an even natural number, then b is a nommegative real number;
if 7 is an odd natural number, then & is any real number, namely

No=b ==3b.

£ 3.89( Example 3.89)
B 46 #0 HR 2, (Simplify the following radicals) -

’\: 43’51 zyﬁxufﬁ _ 2—3/6t12/6 xz Lz

m = 7576 . 2/6 = 912 =

N

{ ) B (Basic Properties)
— P —TRE o WHEA A KT n K7 Hn KA
FF X EELA L I24E .

(Ja)" Y {a =0
Either the nth power of a radical expression to the nth power or the
nth root of a real number to its nth power equals the real number or the

expression, denoted by

(3&)“:«7?‘ =a (az=0)

o EEBHEN .,V o = a FRESZR .
If ¢ is within real numbers, +~/ a®> = a is not identical equation .

{5 3.90( Example 3.90)

SE a2 { 0 tZY
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1] 3.91 ( Example 3.91)

_— 1 (x > 0)

2
i 1 (x<0)
X (no root) {x = 0)

(=) ZEFRHM (Laws of Radicals)
1. EA M N {Basic Law)
NEBA TR HAERER AN SAY B AWESTE,
Hp
Ja® = Va" (a = 0)
I we eliminate the common factor between the power of the radicand
or expression and the index of the radical and the value of the radical

expression remains unchangeable, namely

va® = N a™ (a = 0)

FRGX AN, 7T LA 2y, SR I E AR e A F Y
R (TR AR B R AR R (R KR .

Using this law, we can simplify a radical expression or change
radical expressions with different indexes of radicals ({ different madicals) to
radical expressions with a like index of the radical (like radicals) .

A 3.92( Example 3.92)
BT 1L F 3142 & ( Simplify the following radical expressions) .

(Va8 (2) V(=3P
% ( Solution ) (1)"‘,}(?5 = a*
(2}‘\.-’ (—3)2154 = ‘\: 32 4 = "'o.-' 3:!:2

# 3.93(Example 3.93)
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25 R 3 kRIS
{ Change v =5 and V3 into like radicals) .

f# { Solution ) :
VIS5 =35 =-V5 = J35
3 =3 = )77

2. Feik BN (Law of Mulliplication )
BHE) o KR, S THPEEA n ZRAAEL A

“ab = Ja b (a =0, b =0)
The nth root of a product equals the product of the rnth root of every
factor, that is

wab = Ja b (a =0, b = 0)

i 3.94( Example 3,94)

itk (Simplify)
(1) V1080 (2) V32 (3) ~—:§—5
7 ( Solution ) ;

(1) 71080 = VEx 2T x5 =v2 x3 x5
=2.3.J5 = 645

(D) V2 =vE =22 =/ (222

) 2= = 5 (a0
 dx 22 4ax V22 4x v 2t
TVPR V2 I 2w
) { 27 2x%  x WIE(H x is positive)
B — 2 2 xj‘&'ﬁi([fxisnegative}-

2./2 = 4.2
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(F3) BRiEARA( Law of Division)
RAOY n IRIRZE THERR MY n IRARERULE A 1 YRR, BY

Ta _Ja
,\/szi_) (a;{],b;ﬂ')

The nth root of a quotient equals the nth root of a dividend divided
by the nth root of a divisor, that is

J%:?—g (a =0, b =0)

ot RAeE, i aamELk.
The process to eliminate the radical in a denominator is called

rationalizing the denominator.

#[ 3.95( Example 3.95)
¥ T HIR A AT B .
( Rationalize the denominators of the following radicals)

/B @ ok
% (Solution) ;
{1}\/§_b |26+ 3a _  Gab

a N3a-+3a ~ 3a

3 Tx2 46 1
(2)\/1= 4x2=3rg=235

a - b (a — B)(a + &) i
{3)\/a+b= (a+ &) T a+d

{F) FTHF M {Law of Power)
n KB RAF . FTHEAFEE AN m KT 0GR, A
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i AR KT, B
{:.’E)m = x:ﬂm = .f]!.ﬂr::Il
The mth power of the nth radical equals the ath root of the radical

or radical expression to the mth power, which can be written as the f th
power of the baze, that is

(%)"‘:\m = aﬂf

#1 3.96( Fxample 3.96)
(1) V1080  (2) /32

% { Solution } :
(1) 1080 = v 22 -3 -5=2-3-45 = 645
(2) /32 = 23 - 23 - 23 =22-2% = 42

(7<) MAPEEAOEE

{ Operation and Simplification of Radicals)
1. B &R = (Simplest Radicals )

BT EAE—TEANIBER D TIREEE ST AAFRA
AT AR = Y s AR A

The radical expression in which the index of every factor of the
radicand is less than the index of the madical and which is free of
denominator is called the simplest radical or radical expression.

#) 3.97(Example 3.97)
T3 R AR TR A
Change the following radicals into the simplest radicals:
(1)’\; azbz = \./E
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(2) v a'b = a-/ab

G)f ix«fa

v ab,a /b R /b A BB 0, T ML T
H R R TR .

V'ab,a Vab and ~ /ab are all the simplest radicals, while

—
4 a?b®,v a*b and,\/ aﬁ are not the simplest ones.

2. [A 254 &, (Like Radicals)
RIFHME T HEHHAR MRS HMEIRERX, W g, o

Vab - Vab BR MR,
The radical expressions containing the same index and radicand are
called like or similar radical expressions. For example, + ab, a + ab

and % v ab are like or similar expressions.

3. BpgE FH LT R
{Rules of Operation and Simplification of Radicals)

IR AR BN E R AT A I FISR A Rk 2ERS
AL R AR LA EREEM Y T o= MR e, AR &
LR AZERK, (LB AISERES LR M RA.

The basic rule for addition and subtraction of radicals is to eliminate
their signs of grouping and combine the similar radicals; for multiplication
of radicals, apply the distributive properties and the formulas of special
products; for division, just like fractions, simplify radical expressions
mto similar expressions, and as a result, each term must be the simplest
radical expression.
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il 3.98( Example 3.98)

S.I?—?—ﬂ
N 128.1:_5 1z f—}—

A
;mﬂrZ) CO
- X x4
\/ 2y . 2Vt %L Vaxty

# 3. 99( Example 3.99)
P
Jx \72 2718 | 1
+ + + =
A 3 3 J x
_fx [2 F 2778 1
=G+318 2718 Ja 2“&+~)Té

X 3+3+x:x

ol

K-£) & &% ( Powers of Fractional Exponents)
PR A MIES BT KR, R IR m KO OR . ¥

G R TAR {"? W, B30 m IREEN n TRAB B804,
(&4
ar = va* (e =0, m,n BRIEEH),
1

= “m = fa_;“ (g >0, m,n EIEEE).

The % th power of a real number or an expression means the nth
Iroot of the number to the mth power if the fraction % is a positive rational

number. The minus 'ﬁl th power of a real number is the reciprocal of the
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rith root of the number Lo the mih power if the fraction % is a negative
rational number, that is

144
ar = v a® (a = 0, m,n are positive integers) ,
_m i 1 (o
a = —_ = " (a » 0, m,n are positive integers) .
an W oat

T AR BR, EREF NS REBENERE.
a - = a"? (a*)¥ = oY (ab)* = a* « b
He x,y BT RURERBEEMET, Wal LU IE R o 2
For the power of a fractional exponent. its operation also follows the
laws of exponents for power operation,
@~ & = a7 {a*) = a” (ab)* = a* « b”
in which x, ¥ can be either positive, negative integers or zero, as well as

positive and negative fractions.

] 3. 100( Example 3. 100)
&1 fk.°F 48] 48 =X, ( Simplify the following radical expressions) .
(1) /125 -5
- VFBJE =57 - 548 = 53¢
=545

v a2 3 1
(2} - 1&. = a a5 *aq 2« gl = a_(]*
Ja - al

I 143
= 54 = 54

4 _a -4 3 -3
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4 3.101{ Example 3.101)

T IR A S R A
Change the following double radicals inte single radicals:

(V322 = V3a°
(2Y 2adx = V8alx = v 8a’x
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FHE FEAOARFEXHPRIE

( Equations and Inequalities)

§4.1 A FERIFiL (Equations)

— . LB & 7E ¥ { Several Basic Definitions }

(—) FHE (Equations)

FRRMBAISFSAFR AT E.

Any statement that two expressions containing variables are equal is
called an equation.

Bl 4. 1(Fxample 4.1) 5-2x =1; =x -2y = 6.

{ =) & 89% ( Solution of Equations}

7 B A WA EAAS KR AR, 8 F ZERN%E, R4
TARADPAI T B, MR, B FESx -7 = SHBEREN «
= 3.

The solution of an unknown that makes both sides of an equation
identical is called the solution of the equation. The sclution of an
equation which has only one unknown is called the root of the equation.
For instance, the solution or root of the equation 5x -7 = 8isx = 3.

[=) A% 5 2 ( Algebraic Equations with One Variable)
— M HFRBMBEHE FHER
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@ + ap 15" ...+ ax + ag = O

HY e, 20, e 11802, .. ao@FEE,n € N, WFRILF BT
B « B FHE.
K an equation has the following forms
.5 + @y 12" k... +ax + ag =0
where ¢, =0, a,_|,48,_2,...apare rational numbers, n € N , then we

call this type of equalion the algebraic equation containing variable x .

1. 26 7 # (Linear Equations)

TR AR BRE RN — R B TR,

An equation whose highest degree of variable(s) is only one is called
the linear equation.

Bl 4. 2(FExample 4.2} ax+ b =0, a 20, 1 € R

2. :ﬁ:ﬁﬁ(@lﬂdmtic Equatiﬂns)

IR ERMBRREKEOY 2 KA ERN TR, WA
=L

An equation whose highest degree of variable(s) is two is called the
quadratic equation or the second-degree equation .

il 4.3(Example 4.3)  ax® + bx + ¢ = 0, a =« 0

13. n I FE( nth-degree Equations)

HREPERNBHEEN n KB TEFEN  KFTRE.

The equations containing degree n are called the nith-degree
- equations,

] 4_.4( Example 4.4)  Ax" + Bx" ' + Cx" 2+ =0, A0
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n KRB IR PR ER. #
(r +17 +3(y + 12 -y +1) -4 =0
H—IC=ZRFBRNA3ITR.X I PR AEHRAER.
An nth-degree algebmaic equation has n real rmots or complex roots.
For example,
(y + 1) +3(y +1¥ —4(y +1) -4 =0
i3 a third-degree equation and should have three rools which are either

real roots or complex roots.

() FFTRLE(Systems of Equations)

mENERE BT FRAERS —HTBRFEATESA, YHEHA
SRR RS AR o I N R ko4 d R 31

A collection of two or more equations with two or more variables is
called a system of equations. If the highest degree of each variable is 1,
the system is called a system of linear equations.

1. ZougRtE A RAE
(Systems of Linear Equations with Two Variables)
B TEREM, HETEMNBEBRECY K8 2 ~FHEA
WA T RBER N Tkt A RE.
A collection of twoe equations with two variables whose highest degree
is 1 is called a system of linear equations with two variables.

B 4.5(Example 4.5)

It
=

{an X+ apy

anx + axnpy = by
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2. = ESA
(Systems of Linear Equations with Three Variables)
M3 TR BEREKEN 1WA TRARW T RAKRRD
ZICEYE TR,
A collection of three equations with three variables whose highest
degree is 1 is called the system of linear equations with three variables.

#i 4. 6{ Example 4.6}

32 + 3y + 2 =7
{3x+;r+3z=15

x+3:r+3z =13

3.n MEBEWEMNT RA
(Systems of Linear Equations with n Variables)
a8 . BEEGREN 1B . MRETEARN T HEA
KA on TAEBRRIZRMTREA.
A collection of n equations with n variables ‘whose highest degree is 1
is called the system of n linear equations with n vanables.

1 4.7( Example 4.7)

'au:x:l + QX +... + Eix, = O

g3 X + dxnXe +... + &gk, = C2
JEnX) + dpX: ... + E3¥, = O3
LT X+ Sp2Xa ...+ EX, = Oy
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. ETRAREARE
{Solution for Equations with One Variable)

[—) —¥FHF 2 RIR M (Solution for the First-Degree Equations)

REFERA

O 4 (ARE A SR FBENFIAEW);

@ EFEES(ESWERSH . IESHEWEES),

@ BW(EHES);

@ & FHE2em;

S FEMAFRLEIERRZRE

® AR RE, #FTEERE.

The procedure for solving a first-degree equation is as follows:

(D Eliminate denominators ( multiply each term on both sides of the

equation by the least common denominator) ;

(2 Eliminate signs of grouping (if the sign before the sign of
grouping is negative, change the sign of every term in the sign of
grouping) ;

(@ Remwove terms ( change signs) ;

(4) Combine similar terms;

(&) Divide both sides of the equation by the coefficient of an
unknown;

(& Check your answer by bringing it to the original equation.

B 4.8 29._2x = 15x — §

i . 29—2:\::15::—5‘
20 _2x —~ 15x =— 5 A4 B 154,
20 _ 17x =~ 5 o E2ET.

—17x = - 34 7930 A B & 29.
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175 = 34 Mk srRselL - 1,

x = ?—3 PR 4 BB L 17,
X = 2

Example 4.8 29 - 2x = 15x - 5
Solution 20 _2x = 15x = 5
20 - 2x — 152 = - 5§

Subtract [5x from both sides.
28 - 17x = =5

Combine like terms.

—17x = - 34 Subtract 29 from both sides.
172 = 34 Multiply both sides hy — 1.
v = 2 Divide both sides by 17.

xr =2

Fla.9 KERE ax +4c = b - 2x W FE.
W ax + de = b — 2x

ax +2x +4c = b AN 2., HE » BYIINAELD.
ar +2x = b —4¢ FHHEE 4c,
{EAE « WHEBELA.
{(a+2x = b—-4c ARk EH.
Wa+2x0, FRBPAMERE a + 2,KIBLUTHE

h —
r1+42c’ a -2

Example 4.9 Solve the equation ax + 4¢ = & — 2x for x .
Solution ax +4c = b - 2x

ax +2x +4c = b Add 2x to both sides so that all temrns

containing x are on the left side.
ax + 2x = b —4¢  Subtract 4¢ from both sides so that all

terms not containing x are on the right side

(a +2)x = b — 4¢ Use the distributive property.
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Now, provided that @ + 2 s« 0 ,we can divide both sides of the last
equation by @ + 2 ,to obtain the solution

b — de
x =, for @ -2 - 2

() ik A EAIKHE( Solution for Quadratic Equations )
— L IR —EIEAX N
ax’ + bx+c =0, a=x0
A second-degree or quadratic equation is writlen in standard form as

ax’+ bx + ¢ =0, a0

1. B4 ff 8 (Factoring)
mEFWAHAFES N 0, WA-HAF RLH 1450, B0
B AB =0, A =02 B =0, XMHBEATUAARR—FL KT
2.
If the product of two factors is zero,then at least one of the factors is
zeto. Namely, AB = 0, if and only if 4 = Oor B = 0. This property can
be used to solve a quadratic equation.

A 24 s ISR i A 2K
O ¥ HFERIEFTMEPEERTELINA;
@ HARAHFR T ARELTRE;
@ BE—THASFT O
@ TR,
& BFH RN —HRE.
Solution of quadmatic equations by factoring:
{1) Rewrite all nonzero terins on the left side of the equation;
(2 Factor the expression
(@) Let each of the factors equal zero;
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(@ Solve each of the linear equations;

& Write the solution set which is the union of the solution sets of
the linear equations .

#1i 4. 10{ Example 4.10) 2% = 2x + 15
22 _2x -15 =0
{x+3{x=-5y=0
x+3 =0 mW{or) x —5=10

x =-=3 x =25

2. 73 (Completing the Square)
BEFEETEHFBRAOEE, IR P2 = @, M P =xV9Q.
Completing the square is a method whicli depends on the square root
property. If P2 = Q,then P =+ v/ 0.

4,11 HEFNEFEDLSWBRBEFE £ = 4.

. MEHFZE A o i i
x* = 4 22 -4 =0
x =+44 (x +2){x-2)=0
x =+ 2 x=-2 B x=2

Example 4,11 Compare the method of square root property and that of
factoring i solving the equation x> = 4.

Solution  Square Root Property Factoring
z2 = 4 x2 -4 =0
x = ++4 (x +2¥(x-2) =0
x =+ 2 x=—-2 or x =12
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FC 7 35 R A 2P 3R
@ FREWI B & LA w $0m
@ FRERMAFRU T RITAREE R REHN 1;
Q@ BHBIMBRI I ELA;
@ FEMAEN KRBT RERA
© FHR#E.
Procedures for completing the square:
{10 Add the constanl term to both sides of the equation;
{2 Divide both sides of the equation by the coefficient of the second-
degree term so that the coeflicient is 13
{3 Move the constant to the right side of the equation;
@) Add the square of half the coefficient of the first~-degree term to
both sides of the equation, and then complete the square;
(&) Extract the square root for the solution.

Wla12 BEE 122 =2x+15

. %2 = 2x + 15
22— 2x = 15 o HBOTRESFS A
%X -2x +1 =15+ 1 FREH SN — R R
—E N
(x-1) = 16 BcH.
x—-1=x4 FH.
x=1x4 SRE x.
%y =14+4 T x,=1-4
% =5 =3 Xy = — 3
{5, - 3}
Example 4.12  Solve for the equation ° = 2x + 15
Solution
22 = 2x + 15
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- 2x =I5 Place the constant temm
on the right side.
-2x4+1=1541 Complete the square by
adding the square of half the
coefficient of x to both sides.

(x = 1) = 16 Complete the square.
x—-1=x4 Use the square root property.
x =1+4 Solve for x .
1 =1+4 or x,=1-4
Xy =5 or xp =-—13
{5, - 3}

413 BHFE 422 -4x -7 =0
fi# - 4x2 _4x -7 =0

4x2 —4x = 7 HENOIMESE AR,
f—x:% 7 B R R LA 4
{8 x° BFURBOCH 1.
Aove (D) 2 (1) 0T musma R
- — ¥
( i)2—2 Be
X - 2 = -
x—% = ++2 .
1 +242
X =__2_ ﬁx.
{1+2J§ 1.,2(2}
2 ? 2

Example 4.13  Solve for the equation4x® — 4x — 7 = 0
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Solution 4x* —4x — 7 = 0

4x* —4x = 7 Move the constant jern
to the right side.
22— x = % Divide by 4 to obtain 1

as the coefficient of x? .
2 2
xzmx+(%) =(—%) +% Add the square of half the

coefficient of x to both

sides .
1 2
(x — E) = 2 Complete the square.
x—‘%‘::i:«-& Extract the square root.
X o= I—'izzﬁ Solve for x .
{1 +242 1 - 2«5}
2 ’ 2

3. 23K L (Quadratic Formulas)

AR E W RBHSN, RN FAER P RITH#E ax® +
bx + ¢ =0, a « 0, FJUHARFEML a, b, c HEREYR —TXTF
x I RO BAN . ZAAEEHAE N ST KR, 8 5IEx
A w2 R TR

The process of completing the scuare is often cumbersome.
However,if any quadratic ax® + bx + ¢ = 0, a = 0, is concemed,
completing the square can be used to derive a formula for x in terms of the
coefficients @, b and ¢ . The formula can then be used to solve all
quadratics , even those that are nonfactorable.

#1 4. 14 ax? ¥y bx+ ¢ =0
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Et, 0k ax? + b

Example 4.14  ax

(o 2)’ -

OR
.‘.\?+2“I =x

130

2

ax® + bx = — ¢ FE H B,
Ly £ PR a.
2 b> €
) = (4-—113)&; JFEMARREA x
AR AT .
hy? b2 -4
(x+2—") = 4'32&8 ALy .
b 5 — 4ac
X+ = 1a2 FH.
b v b — 4ac
X +5-o =t 54
b ________*-‘52—4‘1*? ;
¥ Emo, E 2a Kitix.
X - b+~ b% — dae
K 2a

= b b - dac
¥ 7 2a
+bx +¢c =0
ax’ + bx = — ¢ Move the constant term.
PR Divided by & .
a a
2 b?. P
) = (E) - £ Add the squarc of half the
coefficient of x 10 both
sides,
2
b_—;im_ Complete the square.
da
2
% Extract the square root.




2a
b b - 4dac .
X = — t Solve for x .
2a 2a
x = ~ b £+ 0% —4ac
- 2a
Therefore, if ax” + bx + ¢ = 0, a 5= 0, then
= = b=V b —4dac
= e .

‘ﬁfd.lS(Example 4.15}
K% (Solve) 4x2 —4x -7 =0
B{Solution): a =4 b =-4 ¢ =-17

—(—y a2/ (—a?_a@(=-TD

4 + ~ 128
X =
8
_ 4842
8
_4(1 £242
*E 4.2
¥ = 1:|:2'~.*’f_2}
- 2
1+242 1-242
x| = 2 ¥ x2= 2

il 4.16( Example 4. 16)
K (Solve) 2x2 -2x+5=0
B(Solution): a¢ =2 b ==2 ¢=35

(=2 £/ (= 2)? - A(2X(S)
x* = 2(2)
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4
I_Z:tﬁi
N 4
x:li3i
2
1 + 3i 1 - 31
X1 = 2 » X3 = >

4. AR B 35 ( Discriminant of the Quadratic Foom)
R ax’ + bx +¢ =0, a =0, M b2 — dac R HFE ax® +
br + ¢ = O BUARRI ) B
XM b - dac <« OB, FRBEAEZHM.
X b —dae = OB, AR MEHEA LM .
M B - dac > OBF, FRABHAMEMLROR.
2 4+ bx c = 0, a = 0, then »? — 4dac is called the
discriminant of the quadratic form.
If 52 — 4ac < O, there are no real roots.
If 5% — 4ac = 0, there are two equal real roots.
¥ b2 — 4ac > O, there are two unequal real roots.

=
If ax +

M 4,17 ~4.19 HEAD K F B A HI, 1 H EBARS

HE.
Find the discriminant of each quadratic in examples 4.17 ~ 4,19,

and specify the number of real roots.

%l 4.17 w2 = 2x + 15
. x*-2x-15=0 A8 SRy PR RETL,
g =1 §==-2 ¢=-=15
b° —dac = 4 -4 x1x(-15) =64 > O
152
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2t = 2x + 15 AREPTAHESTREHEHE.
2= 64 _2+38
- 2 -2
x]=1+4=55 .'1'72:1—4:—3
Example 4.17 x2 =2x + 15
Solution x* —2x — 15 =0

Put in standard form.
a=1, b=-2, ¢=-135
B> —dac =4-4x1Ix{-15) =64>0
Thus, there are two unequal real roots for equation x* = 2x + 15,
_2xv/64 218
- 2 .2
x;=1+4 =3, %y =1 -4=-3

x

% 4.18 422 —4x +9 =0
B: a=4, b =-— 4, e =9
b2 —dac = 16 —4 x4 %9 =16 - 144
=128 < 0
FE 4% — 4x + 9 = O HLHOR.
Example 4.18 422 — 42 +9 = 0

Solution a = 4 b =—4 c =9
b —dac = 16 —4 x4 x9 =16 - 144
=-128 < 0
Thus there are no real solutions for equation 4x* — 45 + 9 = 0.

# 4.19 9x2 +6x+1 =0
ﬁ: ﬂ:g, b=6,

c:l
b2 _dage =36 -4 x9%x1 =0

FRIZ —6x+1 = 0 A MHFHZER.
Example 4.19 922 +6x +1 =0
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&lution i = 9, b = 6, c =1
b’ —dac = 36-4x9x1=0
Hence there are two equal real roots for equation9x” — 6x + 1 = 0.

= &Y FE AR B ( Solution for Systems of Linear Equations)

(—} Z—REEHAEHAIK B (Solution for Systems of Linear

Eguations with Two Variables)

1. Biwk I 763 (Solution by the Addition Method )
R TR

O — AR B R e A A R, LA R R —
FEREM SRS REGEBRE IR

@ HeE-T AR, SR H A -1 RARe TR

& AEFAETREE - AROREE;

@ HBE—FXNEHOBRAARTBRET I —TKBE_TER;

O BMENEEABRSMAARTRER.

Procedures for solution :

(1) Multiply both sides of one or two equations by a corresponding
constant so that the coefficients of one of the variables are similar
or inverse to each other:

(@ Add corresponding members of the equations to obtain a new

equation containing a single variable;

(3 Solve the derived equation for that variable;

(@ Substitute the value of the one variable into either of the original
equations to solve for the second variable;

&) Stwate the solution after checking it in the original system.

il 4.20 BHE
3x - 2}‘ =15
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3x - 2y = 15
+2x + 2y = 20 B/ AR 2,
5 = 35 W DT TR A
x =7 R x.
(7) + ¥ = 10. ¥ ox = TIRAENRESE MR,
y = 3 % v.
B %
3(7) -2(3) = 15 RERFE-ITHHE.
21 -6 = 15
7+3 =10 IR T
S x =7
¥y =3
Example 4.20 Solve for the equations
{3:\: -2y = 15
. x4+ ¥y =10
3x -2y = 15
+ 2x + 2y = 20 Mutltiply the second equation by 2.
5x = 35 Add the two equations.
x =7 Solve for x .
(7)) + y = 10 Substitute the numerical value of x into
either of the original equations .
¥y =3 Solve for y .
Check :
3(7) - 2(3) = 15 Check the first equation.
21 -6=15
7+3=10 Check the second equation.

Therefore , the solutions are
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3x + 2y

i 4.21 ﬁﬁﬁ{s .
X = 2¥ =

9% + 6y = 45
+ 10x — 6y = 12

15

3(3) + 2y

y =3

B 3(3)+2(3) =15

9+6 =15
5(3) -3(3) =6
1I5-9 =6
x =3, v =3

15

G
BT HER 3.
B HEIE2,
PR
R .
ll‘ﬁ' X = 3%%.)\@?&2&
B—THEEK 4.

BmEH —THE.

o s

Example 4.21 Solve the equations:

{3:’&5 +2"}’ = 15

52 -3y = 6
9x + 6y = 45
+ 10x — 6y = 12
19 = 57
x =3
3(3) + 2y = 15
2y = 6
y =3
Check: 3(3)+2(3)=15
9+6 =15
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Multiply the first equation by 3.
Multiply the second equation by 2.
Add the two equations.

Solve for x .

Substtute to find ¥ .

Check the first equation.




5(3) -3(3} =6 Check the second equation.
15-9 =6
3, Jf = 3

Therefore, x

2. R A L (Substitution Method )
AR
D HHAY T FHFRER —TERANS - EFRERE;
O BB XEARAR —1TFE;
@ RKMHA—TZRMNAFR,UBINZEERNHE;
O HEEREMERAE T EFBURE R —ZF8K{E;
O Wik BB ARAA R T BT R .
Procedures for the solution:
(D Solve one of the equations for one of the variables;
(2} Substitute the expression that you obtain into the other equation;
(3 Solve the resulting equation in a single variable for the value of
that vanable;
(1) Substitute that value into either of the original equations to
determine the value of the other variabie;
(%)) State the solution after checking it in the original system,

i 4.22 MITHEH
{ 3x — 2y =15
x + y =10
. HE_AI#E
x+ vy = 10
y=—x+10 IRy KEER.
3x—2(—2+10) =15  #y WBAKXNASR T FE.
32+ 2x — 20 = 15
5x = 35 B x.
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T+ vy =10 B HAAAEFBAS 1T HEKH
¥.
¥y = 3
A x=7, y =23

Example 4.22 Solve for the system of equations

{31—23’ =15

X+ ¥y = 10
Solution  Use the second equation.

x + y = 10

¥ == x + 10 Find an expression for v .
3x - 2( - x + 10) = 15

3x +2x — 20 = 15
3x = 35 Saolve for x .

Substitute into the first equation.

T+y = 10 Substitute the value of x into the second

y = 3 original equation to find v .
Therefore, the solutions are

.ﬂ::?, }’=3

# 4.23 BIFERA

{335-1-2:}’ =15
5x—3y =6

. HFE-TIE

5x—3y:6
3:}" = S5x — 6 ﬁ&yﬁ@ﬁﬁﬁ
_dx -0
- 3
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3x + 2(5:1:3— 6) = 15 Ty B AR
IRAE— TR
3y + E’x:,’;m - 15 R x.
9x + 10x - 12 = 45
S 19x — 12 = 45
'{ 19 = 57
§ x =3
% 5(3) -3y = 6 & AR TR 2, KM% v
! 15 -3y = 6
% 39y=9
¥y =3

Example 4.23 Solve for the system of equations
{ 3x + 2y =15

P LET TN

5x -3y =6
! Solutisg  Use the second equation:
$ 52 — 3y =6
a 3y =5x -6 Find an expression for y.
3x - 6
Y = 3 _
i 3x + 2( st_ 6] = 15 Substitute into the first equation.
* 30+ 105212 s Solve for x.
Ox + 10x — 12 = 45
| 19x — 12 = 45
‘ 19 x = 57
x = 3

Substitute into the second

5(3) -3y = 6
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original equation to find v.

]5—3}’:6
3]’:9
¥y=13

Therefore, the solutions are x =3, ¥ = 3

T =T EARR
{Solve for Systems of Linear Equations wih Three Variables)

=REHTRACRE XL BB BB TEmAR AR TE,
HRSAE A 5 B S T R SR AR

The solution of a system of linear equations with three variables 1s
aleo done by using the methods of elimination and substtution. The
principle and procedure are the same with a system of linear equations
with two variables.

il 4.24 ARAZRFUNMBE CERE T FI 4
3x + 3y +z2 =17 @
{3x+y+3z= 15 &
x+3y+3z2=13 @
fE1: BIRAMGKRE.
& O, |15
z=17-3x -3y @
HHE ORAQ. .8
Ix +y +3(17 —3x -3y) =15 &
x +3y +3(17 =32 - 3y) =13 &
BEHEIED,.©.%

—6x — 8y = - 36
- Sx - 6_’}-" = — 38
FARE oA B LRY x,y, BRERE 2.
160
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MR s =34, y=23, z=13

Example 4.24 Use the methods of substitution and elimination to find

the solution of the system

3x +y+3z2 =15 &
x+3y+3z=13 @
Solution 1  Use the method of substitution to find the solution.
From (1), get

{3x+3y+z=]? D

z =17 -3x -3y @
Bring@to@and@‘tﬂget
3x + ¥y +3(17 — 3x —3y) = 15 &
x + 3y + 3(17 — 3x — 3v) 13 ©®
Reorder (3 and @® to get
—6x — 8y = - 36
— 8x —~ 6y =— 38
Then use the method of solving linear equations to get x and v , and

I

in the end to get z .

From which we obtainx = 3 5, }':2%, z=1%

=

2. FHMBETERSE L HFREA
3x +3v+2z2 =17 @
{3;1: +v+3z =15 @&
x+3y+3z =13 @

¥ OFkL 3, B
9x +9v + 3z = 51 &
A RO ED,8
6x + 8y = 36 O
HAEFR QO wIFHED,H
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2.‘5—2:}" =2 @
HAR QN @, 8 x,y, BEERE 2, HkAE

1 4 _ L
x:3?, y_Z.?,z_l,]

Solution 2 Use the method of elimination to solve the above system

of equations
3% + 3y + 2 =17 O
{3x+y+3z=15 @
x+3y+3z2 =13 &

Multiply equation () by 3 and get
9% + 9y + 3z =51 @
Subtract equation @) and equation (2}, and get
6x + 8y =36 &
Subtract equation (2} and equation (3}, and get
2r -2y =2 ©
From equations (3 and &, obtain x and y ,and in the end get

1 1 1

x=3"77, 3’=2_—f’ z=1-§*

§ 4.2 A AYFRIE(Inequalities)

— &K iA ( Introduction )

{—) X (Definitions)

FAXERE <, <, > Fl > BENFEERABAREL.EFF
ST EFITLERS RN ERSER M4 <7, 3x > 10;ER
LXPEEHF 2PTUEARARFS MHEAEFEX, Bl x < vy = 2,
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5=2x-3= | FMHEREAFR P ERER, BHHREE T
AR, Blix « y < z A x < ¥, y = z 2,

The expressions which are connected by order symbols <, =, >
and = are called inequalities. If there is one order symbol in an
inequality, the inequality is called a single inequality, such as 4 <7,
3x > 10 ; if there are two or more than two order symbols in an
inequality , we call it a complex inequality,such as x < y =< 2,5 = 2x —
3 > 1. A complex inequality can always be broken dewn into single

inequalities: for inslance, * < ¥ =< zmeans ¥ < yand ¥y = z.

(=) SEA AR ( Properties of Inequalities)
i a,b,c A
let 2, b and ¢ denote real numbers.
1.MNMB a < b, b < ¢, Ma < c.
Ifa « band b < ¢, thena < ¢.

2.MB a <« bW ag+ec <cbsre,a—-c< d-c.
Ilfia <« b,thena +¢c < b +¢,a—¢ < b-c.

3. MR g < b, e >0, M ac < be; = e:*"b-‘

c C

Ifa{bandc::sﬂ,ﬂima{:{bc;—g’"{'ci.

4. WMHB o < b, ¢ <0, W ac > bc;f*:-%.
Fe < band ¢ < 0, then ac > bc;.?“;-.f.
) 4.25 METFIAFA.
(1) =x+1>3 AEFEXFA R 1.
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(2)

(3

(4)

(13

(2)

(3)

(4)

x> 2
x -2 «3
x <5

3x = 6

x o= 2

-0.2x <-1

x =5

Example 4.25 Solve the following inequalities.

x+1 >3

x > 2

x —2 <« 3

x <
3x = 6

—

x = 2

— 0.2 x <

5

-1

x =35

AFA PR R 2.

LA AR 3.

ANEABHEE - 0.2.

Subiract 1 from both sides.

Add 2 o both sides.

Divide both sides by 3.

Divide both sides by —0.2.

— T — R A% A ( First-degree Inequalities with One Variable)

AFRAPTER T RAE, BAMBE KB R 1 HAEX
N —E— KA LR W EAFARGH R OB S AFK
BT A, 62 R R B i — R X B R

An inequality containing one unknown whose degree is 1 is called a
first-degree inequality with one variable. The solution for the unknown to
satisfy the inequality is called the solution set o the inequality, and it is
jusually a series of numbers in the interval of a mumber line.

BAFIAMNGTESHRITENTEMAR, A2 S A EXH&W
FeLASEBRL — T AE, DR ELRFANARNS. SEHT
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LR ARAMEBIAEFR—U.

To solve an inequality, that is ,to find its solution set, you proceed
in much the same waylas in solving equations, except of course that when
you multiply or divide all members by a negative quantity, you must
reverse all signs of inequality. The usual approach is to try to isolate the
unknown on one side of the inequality.

B 4.26 MBARERX Sx+3 < 18, EREWWTELB L.
%: 5x+3 < 18
5x « 15 R Bl 2 3.
x < 3 WA BER L 5.
Example 4.26 Solve the inequality 5x + 3 < 18 and sketch its solution
set on a number line.
Solution S5x +3 < 18
5x <« 15 Subtract 3 from both sides.
x < 3 Divide both sides by 5.

BYRE— TSRS EARSFNEME, LRI HEIE,
S5x +3 < 18HIMRRE » < ITEBENMIIE » B R, TE8HI L/Y
XEH(- « 3)(RHE4.1).

Since the last inequality iz equivalent to the original one, we
conclude that the solution of 5x + 3 < 18 consists of all numbers x such
that x <« 3, whose interval on a number line is { — 90,3 ) (see figure
4.1}.

Sx+3< I8

i

0 3

Bl 4. t{Figure 4.1)
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$14.27 BAERXI-2x =4x -9, IHHELBETERG .
. 3-2x =45 — 9
3 -6x > ~9 B 51 A 2 4,
-6x =—12 = PFHHLSBEZEI

x = 2 ALl - (k2 Fe),
EHH EHRERN(- =, 2](WLE 4.2),

I_Z2x24x -9

L )

0 2

53] 4-2(Figure 4.2)

Example 4.27 Solve the inequality 3 — 2x = 4x — 9 and sketch its
solution sei on & number line.
Solution 3 —-2x > 4x - 9

3-—06x = -9 Subtract 4x from both sides.
- Hx =-— 12 Subtract 3 from both sides.
x = 2 Divide both sides by — 6

{reverse the inequality) .
Therefore, the solution set is ( ~ o ,2]{see figure 4.2).

Bl4.28 MAHR 2 -3 = 2x- 2, WREIFESGL.

B, BWAIEPEHREUBREBHRDLSE 12
10x —9 = 6x -8

4y —9=-8 il s 5w 6x.
4x = 1 B4Rl 9.
x = i il A SR 4.
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o HAS R F ARG [, 0 ) LB 4.3).

i

bd |12

3‘ |.
‘ 2'!.: "
]

[_
0 4

B 4.3(Figure 4.3)

2 ood sketch its

Example 4 .28 Solve the inequality %x — % g%x -3
solution set on a number line.
Solution We begin by multiplying both sides by 12, the LCD (least
common denominator) of the fractional coefficients:
10x —9 = 6x — 8
4x - 9 =>=—- 8§ Sobtract 6x from both sides.

4x = 1 Add ¢ 10 both sides.

x = % Divide both sides by 4.

Therefore, the solution set is ["_i*, o ) { see figure 4.3) .

W 4.20 11 <2x -3 <7
fi%. AT EST EHHH0 - 3,468 2 AbFiEjo

-8 <=2x <« 1D
~4 <= x <5 HIRELL 2.
HILEMREN- 4,5) (BLE 4.4).

Example 4.29 - 11 < 2x -3 < 7
Solution We begin by adding 3 to all terms to help isolate x in the

middle:

-8 <2x < 10
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-4 = x <5 Divide all terms by 2.
Therefore , the solution set is [ — 4,5) (see figure 4.4) ,
- 1< - 37

ey

4 0 5

El 4. 4(Figure 4.4)

E.AaERERNNRR
(Solution for Inequalities with Absolute Values)

WA A H B A F AR O g HE A E.
Inequalities involving absolute values are called the inequalities with

absolute values.

(=) FEX (vl <c o ul= o BIRM.
{Solution for the Inequalities . ¢ | < cand | z| < a )
MK a > 0,0

(1) lul< a, HHH -a < u < a.
(2) lu)l< a, %X - a < v < a.

It a > O, then:
(1) |la|l<a,Tadonlyif— ¢ < u < a.

(D] u|l< e, fandonly if — 2 = u < a.

a.30 MBEREX 122 +3[<5
. [2x +3) < 5

-5 «2x+3 <5
-8 « 25 < 2 £ W4y Bk & 3.

—d e x < 1 HIRL) 2.
RILBAERXNMEEN(-4,1)(LEH4.5).
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Example 4.30  Solve the inequality | 2x + 3| < 5.
Solution 2% + 3| < 5
-5<2x+3 <5
-8 <« 2x < 2 Subtract 3 frorm all members .
-4 <x <1 Divide all members by 2.
Hence, the solution set is the interval ( — 4,1) (see figure 4.5).

|2v +3{<5

L 1 1

Lol

L 1 ._rL L
—6-5-4-3-2-1 0 2 3 4
B 4.5(Figure 4.5)

#4.31 BAER |22+ 1<35

# . 25| +1 < 5
|22 < 4 W d 1,
-4 = 2x =4

~2 = x =2 WL 2,
AR ERNEREN - 2,2]1(HLE 4.6).
Example 4.31  Solve the inequality | 2x| + 1 < 5.
Solution [2x{+1 < 5
|2x] < 4 Subtract 1 from both sides.
-4 <=2y =4
-2 = x =2 Divide all members by 2.
Hence, the solution set is the interval | — 2,2} {see figure 4.6) .
x|+1£5

1 i i L L 1 L

1 [ 'l F
5-4-3-2 -1 0 1 2 3 4 5

B 4.6( Figure 4.6)
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{(Z) 'ul > ay tul = a ARER.
( Solution for the Inequalities | v | > a, |u| = a|

ME e > 0, R4

1. ial>ae, ZHHFu <—a, B u> a.
2. lal= a, ZBFEF v <=-a, B u = a.
If « > 0, then:

1. |ul] > a fand only if u <« — @ oru > a.

2. lul=a ifandonlyifu ==— 2 oru = a.

W42 mAsR|Leo1]s 2 smmmmnmE.

1
#% ‘Ex—l‘zz

%x—lg—z £ yx-l1=2

%x <-1 #§ %x:_-B
1 =-2 ® x=6
A, EASEANBEHRE(- o, -2] 8X[E[6,) LAY

R {HHR(RE 4.7).
Example 4, 32  Solve the inequality ‘%x - 1‘ = 2 and sketch its

solution set on a number line.

Solution ‘—éx—l‘EZ
-%‘x—lg—z or %‘x-—l::-?

¥ =—2 or x=06
Thus, the solution set consists of all values that belong to either of
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the intervals { — =, — 2] or {6, @ )(see figure 4.7).

. — 1 1 1 L 1 1 i 1 L [ i 1 I i

IJ I
-3 -4-3-2-1 Q1 2 3 4 5 6 7 & 9 10

B 4.7( Figure 4.7)

K, % 2 ¥ ( Polynomial Inequalities )

AFSHARMBEEKBEET 2 KMAFARIEERAE
7 .
4x° +3x> +x -1 > 22 +3x — «
The inequality in which the order of the unknown on both sides is
greater than 2 is called a polynomial inequality. For example,
45’ + 3% + 2 — 1> 2 + 3x - x.

ERAFEANKFELERIOT

O EXKFEAFHEERAE . NASEESMENRNO, R
£ M ;

@ BASAXERETANET 0, 0B HFH LR,

Q@ HEOERBME T FHEF EES X i B RET
A~ FF X 16K 5

@ ZWMAMLBFESHEL - EBANTERRAT RS HE . o
F— BT R E 8 KNS R XM R B =R A
AR RHE A BARNEN BTSN NI EWA R
TRBEHTES

& FFERFEBEOHF P ZEEZHAEARAFAXE ERHRBRAS A%
AMEEYE EE Eifk .
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Procedures for solving polynomial inequalities:

(D Change an inequality into its standard form, with zero on the right side
and a polynomial on the left side;

(2) Let the polynomial on the right of the inequality equal to zero and find
all real roots of the resulting equation;

) Arrange the roots obtained in step (2} in increasing order on a number
line and these roots will divide the number line into several open
intervals;

@ The algebraic sign of the polynomial cannot change over any of the
intervals obtained in step (3}. Determine the sign for each interval by
selecting a test number in the interval and substitute it for the
unknown in the polynomial. The algebraic sign of the resulting value
is the sign of the polynomial over the entire interval;

) Draw a figure showing the information obtained in step @ about the
algebraic sign of the polynomial over the various open intervals and the
solution set of the ineguality can be read from this figure .

433 fE 4x> +8x =5
filE . fRLL EAE SRR
DAY 42+ 8x -5=0
@ BB 4x? + 8 — 5 = 0, AN WA N8
(2x+5)(2x -1) =0
N X =—%1 X3 = .-i.];—

B 45 + 85 — 5 MIREAS B HMMIFR AR (- =, ~3),

3 1},(1

- 2.2, (5 R 4.8).

@ HFRE(= o, - 2), RITESTR 427 + 82 - SFRA
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o A

e e

-

.,
g 7 i O R " e

4x? +8x -5 WARKAE

/ | AN

B4k A7 Jleat il N 1 A A Al
- - 7 * T o
s . >
-3 1
2 2

Bl 4.8
AP « = - 3,78

4(-3P4+8(-3)-5=7>0
BB 42% + 8x — 5 > 0P WA » HIE(— =, 2) K
AL S TFRMC- 2,2, RARMRE « = 0,78
40 +8(0)-5==-5<0

B 4x% + 8% — 5 < O FRESHFA « (A AE(- >

1 N

PI A F (S, o) ARA BB~ = 1,78 -
41)2+8(1)=5=7> 0
Bt 422 + 82 — 5 < O PEIFIE » {EﬁJEIZE‘EJ(-%, ®).

4x? +8x —5 WA

{H% T 0 EFTC
---++++++++l - —— ———l +4+++++++-
] 1 R
_ 3 1
2 2
4.9

® % @FHBIHEBTEBEANMA0.  AEHRTLUES
45 4+ 8% -5 = OMIBA & < - 2 Az = o BEZ, B
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i BT IR R, AL SRR TR (- 0, - 2],
BT RE, o). Hi, RERMBER (- =, - 2] U

(4, =),

Example 4.33 Solve for 44”2 + 8x = 5

Solution Carry out the steps in the procedures above.

{D The given inequality is equivalent to  4x% + 8x — 5 = 0.

@ Write4x? + 8x — 5 = 0 and factor the left side 1o obtain
(Zx +53)(2x — 1) = 0.

The rools are  x, =—%andx;=‘%‘.

{2 The open intervals over which the algebraic sign of 4x? + 8x — 5

: S 5 1
is constant are ( — o, — 2),(— 23]

and (%,m) (see
figure 4.8) .

algebraic sign of 4x* +8x —5

/ | \

can’t change here can't change here  can't change here

o LT
. . i =
-3 %
Figure 4_8

@ For the interval { — e, — %) , we substitute a test number, say,

x = — 3 in the polynomial 4x? + 8x — 5 1o obtain
4(-3)Y2 +8(=3)-5=7> 0.
We conclude that 4x% + 8x — 5 > O for all values of x in the
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interval { — oo ,—} For the interval ( — 2 5 ) we substitute

a test number,say, x = 0, in the polynomial to get

4(0y* +8(0) -5 =-5 < 0.
Therefore, 452 + Bx ~ 5 < O for all values of x in the interval
(-3-3
number, say, x = | , and find that

4(1)2 +8(1) -5 =7 > 0.

). For the interval (—. o )}, we substitute a test

Hence, 4x° + 8x — 5 < 0 for all values of x in the interval (i,
),

algebraic sign of 4x? +8x —5

value is value is
ZerO zero

B

1
2

---++++++++l +HF 4+ A

s -

Figure 4.9
& The information obtained in step 4 is summarized in figure 4.9,

from which we see that4x? + 8x -~ 5 = Ofor x 5—%3114:]&1&0

for x = In other words, the soludon set consists of all real

1
5 -
numbers thet belong to either interval { ~ =, —%] or interval

[%,m). Thus, the solution set is(—m,——;—]U[i,m),
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FHE EEMITIXBPFTE

( Matrices and Determinants )

§5.1 FEFERIRIZE (Matrices)

— XE ¥ ( Definitions)

HME m x n TEHHFIR - 1T JIBKIT ISR, BidS

i) @2 a3 7T g
31 a2z z3 7" Xxn

Amxn = = [ay]
LA Epr  Amy T gy,

K. LB A, = Loy, oy BAEHEMTE. H—1
THRiET S, B -1 THRENS EHNTERT LR T, RAK
H A AR m x n BVEE,. Y m = n 0, FRKAIFTHE . m <15
R EERRRVIAERE 1 x n BYIEREFR M ATIERE .

A matrix is a rectangular array of entries with dimension m x n ,
where m is the number of rows and n is the number of columns of the
entries . A matrix can be symbolized as

&1 €12 a Tt &1,
2] I dx» 7 &z,

Amxn = = {ay:[
Eml @z B3 "7 Gy
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In general, 1t 1s written as A, ., = [ag] in which a; is called the
element of the matrix. The first subscript indicates the row, and the
second subscript indicates the column. The entries of a mairix may be
real numbers or algebraic expressions. Amxn is also called a m x n
matrix. f m = n ,the matrix is called a square matrix. m x 1 matnx is
called a column matrix. 1 X n matrix is called a row matrix.

i 5. 1(Example 5.1)

Ao 1O 2] H2x3 B,
e -2 1 is 2% 3 matrix.
I l] SR 2 x 2 B A dEEE.
Brx2= L — 1 is 2 X 2 square matnx.
HF3x 1 By
Coxr1= “i] ig 3 x 1 column matrix.

— EEHEE ( Properties of Matrices)

(—) %E B H948 % ( Equality of Matrices)

MR EE Anxe = Leg] M B, = [5;]. W A =
B... .. X B 0RE Mt A 2T E B KR AT R R U R AR
HBT, B EE R AR .

H two matrices A,, ., = [ ;] and B,.,~=[5;], then Ay, =
B,.. .. This means thal two matrices are equal i and only if they are of

the same dimension and all corresponding entries are equal.

(—) SERFEEY N & ( Matrix Addition)
05 F P A B AT R AT S e, A BT BT A0 . PR A
b3 2 B R ot R O B AR A0 L 3X AT 1 R 3 E R FE AR -
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PSS A .= [ai-j-], B... = !:bhf], M A+B = [ﬂ:}]"b{-f]mxn

If two matrices have the same dimension, they are said to be
conformable for addition. The matrices are added by adding corresponding
entries of the given matrices. This is described formally in the following
definition :

I Apxe = Logl, Bry, = [b;], then A+B= Lebylaa

i 5.2( Example 5.2)

25 {Given) A=14 2 6] B=1[1 7 2]
2 1 0
3 -2 1
C= D= 4 7 3
2 i -3
-2 0 1

6 1 2
E=[3 - 10 4:|
1 3 -
7 (Solution): IG& M EEFHM, 15
Add the matrices to get
A+B=[4+1 247 6+2]1 =[5 9 8]
A+C 1x35 2x3RAM.
1 %3 and 2 x 3 may not be added.
C+E 2x35 3x37Ralhn.

2x3 and 3 x 3 may not be added.

i

- 2+ 6 1 +1 0+ 2
D+E = 4+3 7 + (= 10) 3+4

L -2+ 1 0+3 1+ {-2)

- B 2 2

L1 3 -1
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(=) B LB AT FE TR ( Scalar Muitiplication )

S RHEAE REERPNE T SR,
B Anxe = [a; ], BBA M TEBERH ¢, H cA = [ca;].

This operation of multiplying each entry in a matrix by a number is
called scalar multiplication, that is, if A,,x, = Lay], then for any real
rnumber ¢, cA = [cul;,-].

] 5.3(Fxample 5.3)

B #1{ Given) A=[_2 ' 0], B © 1 2]

2 0 1 1 3 -2
R(Find) 3A +2B
& (Solution ) ;
3A+2B=[3.2 3.1 3.0 |
3+(-2) 3-0 3.1
[2'6 2-1 22 ]
21 23 2-(=2)
_[ 18 5 4]
— 4 6 ~1

(P ) 4B FEAY 48 e (Matrix Multiplication )
BH AL M B,,, AERE, B ABKEHFIHS B EFFEHT

WH%E,RMH:

ay

a2

[ 2y

12

dx

L3I

a2g

bu b2 by; bip

by bx by; by

bt baz by by
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= [Cl;r'] = mep

Cyf %]m X p m’%ﬁ% Cm:rcp '#Jﬁﬂ—"f"ﬁﬁ

Cij = ﬂ-ﬂb‘]}' + {Lfgbgf + {153!'531}' + "+ ﬂ.mbry

If there are two matrices A, , and B, ., and the columns of matrix A

are equal to the rows of matrix B , then

[ an ap Tt ay, ]
@y axm v ax. |[[bu b v by o by,
by byn o by ot by
a1 Gp 77 &in : : : :

bnl bnz T bﬂ_‘l‘ o b"ﬁ

L apmy  Gmy 0 G
= [cu] = Cuxp
where the element c; of the product C,,,, is given by
ey = anby; + anby + apbs; + 7+ anby
#1 5.4( Example 5.4)
, ‘ 1 2 [4 ~1 2 6]
K (pnd)AB,@Ce0A= [ ] B={] T, 7

% ( Solution ) ¢

‘1 2774 -1 2 6
AB =1, 4][1 3 -1 2]

' 1-442-1 1{-1)42-3 1-242(-1) l-6+2-2]
34 +4-1 3(—1)+4+3 3-2+4(-1) 3:6+4-2
6 5 0 IU]
"16 9 2 26

8 5.5( Example 5.5}
. 1 2 -1 2
2 {(Given) A = [3 4 B= [ ] 3]
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I

1 2 3 1 0 2 1
C:[ P=|2 1 0 ¢

4 5 6
3 2 1 0
KfFE(Find): AB, BA,CD
% ( Solution ) :
T 21r—-1 2
L P 1
L3 4 1 3
1-(-1)+2-1 1-2+2-3]
Tl3a(-1)4+41 3424443
1 3]
L1 18
-1 2111 2
BA — ][ ]
1 31Ll3 4
[{-D1+2-3 {-1}2+2-4]
L1143 -3 1-2+3-4
5 6]
~l1o 14
1 O 2 1}
1 2 3
CD = ]lz 1 0 0]
L4 5 6
3 2 1 0
1 +4+9 0+2+6 24043 l+0+0]
" l4410+18 0+54+12 84+04+6 44+04+0
14 8 5 1]
“ L3z 17 14 4

D CHEMBEARARE, B0 DEEMFIRS C HENTEA
S, W AR RERE. B 407 LUAGEE, mAAERET LA
FEHREFRE—TEENFSE T EENTHASE,EFW, W E
REAREAHTE ; A 5.5 AT AT, AB o=« BA, g%, 55 R T K
FRANEE R, FEiE2E P 0HAERE.

D and C are not conformable for multiplication, because the number
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of colomns of D matrix iz not equal to the number of rows of C matrix.
From example 5.5, we know that the precondition that two mairices are
conformable for multiplication is that the fist of the two matrices is
multiplied to have the same number of columns as the number of ows in
the second. I not, they are not conformable for multiplication. From
example 4, we also know that AB == BA, that is, we must therefore be
careful of the order of multiplication with matrices, which cannot be

changed .

(I) 2%4E FF (Inverse of Matrix)
1. BA{% 4 FF (Identity Matrices)
M n B Ly, = [a], 2P
a; = 1 (I: = J')
{ag =0  (i#j)
TR LR n B S B A R S R WHE TR A SRR, 4D
=SS Y AT
IA=AI=A
If there is an n square matrix I,”m=[a,;;], where
a; =1 (i =)
{a# = 0 (i 5 j)
then matrix I is called an n identity matrix, When an identity matrix is
multiplied by any square matrix A with the same order, they have the
following relationship:
TA=Al=A.

. 2. HFEFE(Inverse of Matrix)
WFIE—FFE A RE A F1E,EE8
ATA = AA T =1
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M A BERRT AR D AERE .
For any square matrix A, if there is a matrix A~! such that
ATA = AA T = O
then A~! is called the inverse of an A matrix.

MAFATEEANB, EfINE AB = BA = LU A, B&E
BR 0

It may be verfied that two given matrices A and B are inverses by
showing that AB = BA = 1.

#1 5.6(Example 5.6)
, 2 1 2 -1
RUEGR A = || ] Rews - |

S P

2 —1]

. : 2 17.
VenfythatthemverseofA:[3 2] 15]!:{_3

% ( Solution ) : AB = L3 2][ ]

- _2+2] [1 0] .
“le—_6 —3+4 11~
2 1172 1
BA ] ]
-..3 2 3 2

[ 0
" l_646 —3+4] [1 ]_I

i

B=A"
ﬁiﬁ BRERF AP ERE,

Matrix B is the inverse of matrix A.

] 5.7(Example 5.7)
IEH A HIBESHERE, M
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=how that A and B are inverses, where

D 1
A=j-1 1

27 1 -1 0
2 B=[ 3 2 2]

1 -2 -5 -1 -1 -1
1% ( Solution ) :
~ 0 1 27 1 -1 0
AB = | -1 1 2[ 3 2 2]
- 1 -2 -5/L_-1 -1 -1
 0+3 -2 0+2-2 04+2-2
=l -14+3_2 1+2-2 0+2—2:’
- 1 -6+5 -1-44+45 0-44+5
1 0 0
=10 1 O:rzl
L0 0 1
-1 -1 0 0 I 2
BA = 3 2 2:||:-1 1 2]
-1 -1 -1 I -2 -5
0+ 1 +0 1-1+0 2-24+0
=|0-242 3+2-4 6+4—10:r
LO0+1 -1 —~1-14+2 -2_-24+5
1 0 0
=0 1 D]—I
-0 0 1
AB =1 = BA
B=A_1, A=B'l

FHEANEEB Y A ERE.

Matrix A and matrix B are the inverse of each other.
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= S5 BEERI RF B ( Application of Matrices)

HPHRE R R AR AR R
Matnces are often used to solve for linear algebraic equations.

(—) FASEH4E K % { Equivalent Matrices)

MRERE A, B ER RIS ERET N B,
RASBRNEMEE,CHA~BHEB -~ A HTEHRITEN:

DO ¥ E AR REAT(ERF);

(2 X EERE AT 1T () Fe bk —PAEF LB

@ P EIT(EH) HFREMB) B 17 (8F)).

If A, x » can be changed inio B,, . , by a finite number of elementary
operation, we call A and B equivalent matrices, wiitten A~Bor B ~ A
The operations are as follows:

(1) Interchange any two rows or columns of a matrix;

(2) Multiply any row or columm of a matrix by a nonzero real

number;

(3 Then add a mwitiple of the row or column to another.

FIURSEMEREAPER, AT SRR B TR IR, T 5 =518k
PEACBOFREA -
Use the property of equivalent matrices to consider the following

system of linear equations in three unknowns:

21—:}’—22:3

{x+2y+z=3
xT+y+2z=06

AR T A RALY, W R THEL . ETRAM AN
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HERERERR,
The variables are lined up on the left side of the system and the
constants are on the right side. This system may be represented as the

augmented matnx
1 2 11 3
{2 o2 3]
1 1 2] 6
Hep = BB RE N
where the matrix of coefficients is
1 2 1
Ly
1 1 2

xR, ERREEETHEG LN S THMER
TEMETEE M R, R, M R, AHEMT EENT . FARARRT
EHEE .

Solving this syslem, it is seen that each step in the solution is
equivalent to an elementary row operation on the comesponding matrix, Let
the rows of the augmented matrix be represented by R;, R; and R; . The
operations on the rows are indicated at the right for each step.

X +2y +z =3 1 2 11 37&
2x -y -22=3 ]:2 -1 -2 3:|R2
x+y+2z=06 1 1 21 6-R;

77 A2 BRI AT R, B e W LHREEFE Bl
EITBHFEMNT
The order in which the equations occur is arbitrary, so they may be
written in any order. Thus, the system is equivalent to
186




x+2y+z =3 1 2 11 31&;
[x+jr+2z:6 1 1 21 6|R;
2 —y—-2z=3 2 -1 -2 3{R,

HE—FEEU -1, BN -1+ E. 835 150
HEL .

The first equation may be muliiplied by — 1 and added to the second
to obtain another equivalent systein:

X +2y+2z=73 1 2 11 378
{ -y +2=3 |:D ~1 11 3:](—1)R1+R:

2x—y—-2z=3 2 -1 -21 3°R,

BRASB--THEELU(-2)FMAE=1FE,BE x :
Continuing, x may be eliminatad from the third equation by adding
— 2 nmes the first equation to the third equation:

x+2y +z =3 1 2 b 37 Ry
{ - ¥ + z =3 [0 -1 11 3:|R2

—5:}’—42:—3 0O -5 -4 | -3 (—2)R|+R3

AR A HERU(-5)EMNIB=1TEBEE y TR

The ¥ term may be eliminated from the third eqguation now by adding
— 5 times the second to the third:

x+2y +z =3 1 2 11 37 R
{ —~ ¥y +z =23 o -1 1] 3| R
-9z =-18 0 0 -9 -18I(-5)R, + R,

(A A0 R T R LA — R R A B, U — A R
S LA TR - 5,8
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Any equation may be multiplied by a nonzero constant, so multiply

the second equation by — 1 and the thind equation by — % to obtain the

following :

z =2

x+2y+3 =73 1 2 14 31
: (- 1R,
¥y —z=-23 01 —-11 -3

o 0 11 2_%_&3

HIEE z = 2, T ZEERAE P FERY », B iy @

BRAB T HERE . ARKEAT, W LEOHBRE R AT, RS H] .

This gives the solution z = 2, which could be substituted into the
.second equation to find », and the solutions of z and y could be
substituted into the first to find x. Altermately, you could continue

eliminating terms until you obtain

x+2y = 1 1 2 0] 1R + (- 1} Ry
[ y =-1 [0 1 01 -1]R2+Ra
z= 2 c 0 1! 2R,
B,
.Finally,
x =3 1 0 O 3718 + (- DR,
{ y =-1 [U 1 0] +—1le2
z =2 0 0 1| 29 Ry
T B 5 R A0 R 5 R
Notice that the system and the corresponding matrix
x4+ 2y +z =3 1 2 i1 3
{2:1:-—3*—22:3 l:l -1 -2 3“
x+y+2z =06 1 1 21 6
B e
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were transformed to

x =3 1 0 01 3
{y =-1 0O 1 0] —l}

z =2 0 0 1| 2

FAETEaER BB T B, 5 I BURNEER
BRSNS i — IR R X, SR T X D B T S B i T 4%
28 . 8g—MH R MR,

Using elementary row operation for the solution of a system of linear
algebraic equations, first rewrite the coefficients of the unknown and
constant as an augmented matrix, and then perform the elementary row
operations . The operations are chronicled by the subscripted R;.

2x+;r=1

# 5.8(Example 5.8) 3R (Find) {6x+4j,__2

# (Solution ) ;
[2 1| 1] R, [2 11 1] R,
6 41 -2 R, “lo 11 -5 R -3R,
[z 0 6] R - R, [1 0 3] 5 R,
g 11 -5 R, O 11 -5 R,
x=3,y=+5
#] 5.9(Example 5.9) >R {Find) {2x—y+z=3
¥+ 2z =3

# ( Solution ) ;
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1 -1 0| 37 & 1 -1 01 371K
2_11|3]R2 ...[0 11|2:|R2_231

0 1 21 54 g, 0 1 21 54 R,
1 0 11 57 R+ Ry i 0 O] 27 Ry — R;
._[01 11 2}&3 ..,l:{)lﬂi -1}R2_R3
0 0 11 34 R, —-R, 0 0 1] 34 R,

x =2,y =—1,z =3

(Z) BREERNTERGEFESR
{Matrix Solution of Systems of Linear Equations by Inverses)
RAERE, AT HEE RS —MER.
Using matrix notation, a system of equations can be written m yet
another form.

# ( For example) ,fﬁ%(suppose)
t+2y+3z=1
{2x+5y+4z =2
2 -3y +2z2=3
B ARFRFBRAPRBMPIER, X R ARMBGER:
Tet A be the matrix of the coefficients in the system, and let X be a

matrix of the variables in the system:
1 2 3 x
A=|:2 5 4], X:I:J’jl
1 -3 2 z
HEEEH N
Notice that the product
1 2 35 = x + 2y + 3z
A.X:!:Z 5 4:|[T]={2x+5y+4z
1 -3 2Lz x -3y + 22

BN HEESFRALDRSHRPATCREAERSE. XN, WRBAY
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FRAAGANEBRIHEE,
is a matrix that has entries exactly like the lefi side of the system. Now,
if B is the column matrix of the constants on the right side of the system,

i

WA LA NEET R AX = B
then the system may be written as the matrix equation AX = B . That is,

R ERR

MSRAERE A TR, AL A-T AR A AX = B Y
% .
If matrix A has an inverse, the solution of the system AX = B may be
found by multiplying both sides of the matrix equation by A™" .
AX =B
A MMAX) = A''B
{AdIA X = A 'B
IX = A''B
X=A'B
A& ITiE B RE T (A B] #HBR[IAB], B
A''BEZIFBEFER IR AX = B & .,

The augmented matnx | A 1 B] may be wansformed to [I1A-'B] by
elementary row operation since A™'B has proved to be the solutions of the
matrix equation AX = B. That is,

[AiB] ~ [I] A”'B]
i e HE AT 18 Fk AT LSRR A,
The same elementary row operations may transform I into A"
[Al1] ~ [ATTAJATT] ~ [I[A7Y]
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XERFOR —THEAFEDBEE, EXTUHAETEREE
JE A FE R THE R — B R R, X E R A IR
AT R .

This means the inverse of a matrix, if it exists, may be computed by

elementary row operations on the matrix augmented by the identity matrix.
If 2 matrix has an inverse, it is called a nonsingular matrix.

] 5.10( Example 5.10)
2 1
e N I [ F2

Find the 1 ofA—[z 1]
1Tk e 1NVersc = 3 2 .
. SEBAEIEEAIL]

First write it as an augmented matrix[ A{T]:

2 11 1 U]Rl [2 11 1 U]Rl
[3 21 0 Ur, T L1 1 -1 R, - R,
1 0| 2 -I]RI—Rz
“"[1 1 -1 R,
1 0l 2 -1]R1—Rz
”[0 11 -3 2R, - R,

(A | DB A-T], K
[A|I] is transformed into [If A~ '] where

ar=[ )]

#1 5. 11(Example 5.11)
RAERG B A I R .

Find the inverse of matrix B.
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I -1 @
B = [2 -1 1]
0 1 2
##% (Solution) -

S5RMITEKFIB I], REAWEfTEaERIIB].

Write it as an augmented matrix [B] I] ;then use elementary row
operations to obtain [I]/ B~1].

1 -1 01 1 0 0] &
2~11|010]Rz

0 1 24 0 0 1dg,
1 -1 0] 1 00
..[0 1 1) -2 1 O}RZ—ZRI
0 121 0 0 1
1 -1 Ol 1 0 0
,..[0 1 11 -2 10]
0 0 1} 2 -1 | B-R
1 -1 0] 1 0 0
~[0 1 01 -4 2 _1]&*33
0 0 1] 2 _1 1
1 0 01 -3 2 -17R +R,
..,[0 1 01 -4 2 -1
0 0 1] 2 -1 1-
-3 2 -1
B“:[—cl 2 -1
2 -1 1

) 5. lZ(Examp]e 5.12)

T RA
Solve the system of equations
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{2x+6=1

3x+2y = —]
7% ( Solution ) -

HEEATH AX = BHERAETR.
The system may be represented in the form of AX = B,
2 1 x 1
5 o 1=
A BEFEREAT AF 5,12 RANIE B 3 X = A'B.
The inverse of A may be known from example 5.12, s0 X = A™'B

=122 70
1-1 )

FFEARNFERN(-3,5).
Therefore, the solution of the system is (3, —5).

] 5.13( Example 5.13)
i FR 4

Solve the system of equations

x — ¥ = 3
{2xy+z_8

y+2z =235
% ( Solution } :
1 -1 0 X 3
HeplagH
0 1 2 z 5

X 30 73 008 P 1 53 3 P, R P RE T 5 Oy

Given the inverse of a matrix of the coefficients, the column matrix of
unknown may be wrtten as
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BRI H
e

TTRAMFE(x,yv,2) = (2, —1,3).
Therefore, the sclution of the system {x,v,z) = (2, —1,3).

XHEEREE AR EEEEMEIEREE TR VUE T .
The real advantage of this inverse method, as well as other matrix
methods, is the use of the computer.

§5.2 173RA BIFRIE ( Determinants)
— JJE 3 ( Definitions )

TP MATFTHEERI B EH » HFEERN 2 8T
D#HE 1T, 8- 1THEHTN A, BBEE —TH I
B,XPTEBEWRNITHAAR,IE W S(A) KAl §(A,,, Y HBHKY
n BrATHIA .

A matrix with the same number of rows and columns is called a
square matrix. n° numbers in a nth-order matrix may determine a real
number. With every square matrix A,, , with real number entries, there is
associated a unique real number ealled its determinant, denoted by 8 (A)
or | A| . Also,8 (A,,,) is called a determinant of order n .
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ik

Symbcl
LN &2 a3 °°C &g
an apn a3y "t dz,
an  ap am v @] = |ex| = A
g 22 Trs R L2

PROA n BrirFIa.
is called a determinant of order .

AR BEHERR A TT, BHER A, A, BRFITHIRMTE. 4,
BIE— T FARRERT . BT AR, BHBZOCEETH
NP Erabiffi g .

The horizontal entries of a deterrminant is called rows and the vertical
ones columns. A; is called the members of the detemminant. The first
subscript of Ay represents the row and the second the column, which
indicate the position of the members in the determinant.

{—) Z 177X [ Determinants of Order 2)
T IR
A determinant of order 2 is

@€y 4ap
ﬁ(fqzxz) = = anaxn — and
a3 axn
“EfTANAF TR ERARENE
A determinant of order 2 is the difference of cross products:
an €12
= anén — adx1dp
21 [ 3]

7 -5
saa meaz[l ], ko).
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m: a4 =[ - -@¢s

=21 - (- 10)
= 31

7 =5
Example 5.14 IFA=[2 3],ﬁnd3(ﬂ).

Solution 3(A) = [7 2] = (D3 - (-5

=21 - {(-10) = 31

F AT SEEREER, AT K S BRI HE
3 B AT N2 i HEF BT B B SE RUE . B 07 FERR — AR
RTAX, B RXMWEREELI G, RBEEHWERRNEXE S
T.

Since determinants resemble matrices, be careful to distinguish
hetween them. Matrices are amays of numbers, and determinanis are real
numbers defined by an array. Every square matrix has an associated
determinant, but determinants of order greater than 2 are not evaluated as

easily as determinants of order 2.

(=) =Fr{7% = { Determinants of Order 3)
— =B AT AU EE A
A determinant of order 3 is defined as
an &z @iz
8{Az3) = |G an a3
dy a3 833
= @)nexnaz — &11923403 — 41202333
+ 2pendyn + Epdnan — 2320y
ZABEHESK, B @ ERAHEALE:
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This looks pretty involved, but it may be simplified by abstracting
rommon factors:
8(Asi) = epnanas — ananan — 41242 6m
+ @p@z3@y + apanan — ;3480403
= anlaxen — apay — aplayan - axazl)

+ 0-13((121"131 - ‘-'1221131)

il {13 2] 273
= an = a1z
a3z €33 @3] a3
aa 4y
+ 013
@31 33

BLZE 3 x 3 AT 7 2 x 2 BT Al sk ik
The 3 x 3 determinant is now expressed in terms of 2 x 2

determinants .

iy aiz a3

dy O T3 adr
az Cx amn; = &4 — a3

a3 433 G311 fan
@31 @3y 433

22 an

+ &3
a3 &3

1 5.15{ Example 5.15)

;f'; 1‘1 2‘ 2‘0 z!
1T e -2 “i-1 -2
-1 0 -2
0 1
1
+ { )}_1 D\

= 1(-2) - 2(2) + (- (1)
=-—2-4-1=-7
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a1y a2 &1
8(Az,3) = [ az ax ax

2y; I3 d33

i

@183 — 18xndyp — Q1283180

+ Qp2xads) + Q139183 — F3dxdy

HEHBRASEHA.
Simplify it by abstracting the comnon factor again.
8(Aaa) = anexey ~ ayanen - ¢pon e + G302 632
+ 23282343 — @343
= ﬂu(azzﬂss - tlzaﬂaz) - ﬂzlfﬂlzﬂ:ﬂ - 313032)

+ ﬂst(ﬂuﬂ-za - ﬂlsﬂzz}

XEBREGH TR FHE -FAMARFATHTAANT R,

This gives the expansion of the determinant about the first column
instead of the first row.

211 @1z 413

ady dxn Q12 413
az dzp an| = ) - a3
iy 433 3z a3
sy, 3 d33
a3 3
+ 33]
{172 Gz;

B 2 x 2 THAARA I IHARNNHT A TR TAN BRI
.

Expressing the 3 x 3 determinant in terms of 2 x 2 determinants is
called a forn of expansion by minors.

(=) F& (Minors)
a; I TR EESHEEO(A,.,) RHE { TR FIMRER
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M; FFIE.

The minor of a; is the determinant M; obtained by deleting the i th

wow and the jth column of (A, .) -

WMESTHI X

%uch as in the determinant

dn

€32

an

a1

(>3

233

@73

a33

@i 212 a3
4531 g v
a3 13p fl33

BITE an BT

is the minor of ay;

REILHE ap TR,

is the minor of ai;

TFRARMETTEAFT T TR

Each element of a deternminant has only one minor.

#1 5.16( Example 5. 16)

ﬁﬂj 211 » £I315Fu d>a Eﬁ[?‘:ﬂ:

Find the minors of @4, @3 and axn.

f# (Solution) :
1
ap; = i 0
-1
1
ay = - 3; 0
-1
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i 2 _—4
Al = 0 2 4
~1 -3 -2
2 -4
3 4l M ‘3 4‘
=\ _3 _al~T
-3 -2
2 -4
3 4 M ‘l _4. 4
2= lo 4]
-3 -2




1 2 -4
aﬁ=4; 0 3 4 M"={
~1 -3 _2

1 2

-
-1 -3

() #&-F3 (Cofactors)

KT A EN, BT AREEN AR . BEEET
XA HHERS FHERSHFRAFAXERHRTR.

In obtaining the value of a determinant, it is possible to simplify the
operation by using minors, but we must consider the positive and negative
signs affixed to the minors. The minor with the proper sign affixed is
called the cofactor of the corresponding element.

ﬁ?ﬂﬁ: A;;;I%flg E@%?:T:t,ﬂ
Ay = (= 1M
X+ j NIRRT, a; B &FREM;: - +f}"9ﬁ‘ﬁﬂﬂ',ﬂ§
R TR - M.
The determinant A; is the cofactor of ay; and
Ay = (- )My
The cofactor of a; is My if i + jis even and — M;; if ay is odd.

1 2 -4
#} 5.17( Example 5.17) | 4] = 0 3 4
~1 -3 -2
5}34‘11211‘131 iﬁ] AIS-
Find A3, Ayand Ay,
#% (Solution) :
AIQS(—1)1+2 '_(1} ":i=(—1)(4)=—4

2 B TFRR - 4.
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The cofactor of 2 is — 4.
2 -4

Ay = (= 1)*! i3 4] = (+ 1320} = 20
-1 R 20,
The cofactor of — 1 1s 20.
- _ 2+3 1 2‘ _ _
Ay = (- 1) ‘_1 3 =(-D(-1) =1

1R FAR1L.
The cofactor of 4 1s 1.

BT P P AR AT ER A L R B A BT I A H TR
BATAANBRAAS TEAGTEA) S TR SHEATARHZ
0.

A higher order determinant may be expanded to a lower order
determinant in terms of the elements in a row or column in evaluating the
determinant. The expansion of a delerminant equals the sum of the
products between each element and its cofactor in that row or colurmm,

# 5.18( Example 5.18)
X TP AL =PI
Expand the following determinant about the third column.

1 2 -1
01 2
-1 0 -2
ﬁ(Sﬂlulion):
1 2 -1 gy 01
o 1 Ao cmeen] 0 Y
-1 0 -2 -1 0
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_ Z+3 1 2
+ {-1) (2}‘_1 0

. (- 1>3+3<-z>‘; ﬂ

0 1 1 2
=<_1>|_1 0’*2’_1 :
= (- 131) - 2(2) + (= 2)X(1)
=142 =7

1 2
-2
+ ¢ )‘0 1‘

] 5.19( Example 5.19)
X FFATII IR S —FT R
Expand the following determinant about the first row.

1 3 —2
1 -4 5
2 _2 1
7 ( Solution ) :
1 3 _2
_4 5 1 5 1 -4
1 -4 5/ =1 -3 + (=2)
kS 2 1 2 2
2 _2 1

1(6) - 3(-9) + (= 2)(6)
6+27-12 =21

= 1A BIE B ( Properties of Determinants)

iz AATFI A KR, o7 LA RAL R AT PR L & L R 3R T
HR 28 & B 475 5

Because of the properties of determinants, a process of simplification
can be developed to help evaluate determinants, especially those of large
order.

+ F I(Pmpen}' 1}
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WRFFIXFAEWITEFEN ZL2HRE, WTFHAHESETO.
If two rows or two columns of a determinant are identical , the value

of the determinant is zero.

4 5.20(Example 5.20) ¥E—TFrEIFTHR,
Fxpand about the first ¢olumn.

1 2 2
0o o +(_3)‘1 11=II]+‘(ﬁ?,-){l))=l}

1
0
-3

= = M
o = b

£ 2( Property 2)

MARGTHRNTE —TRFNMAECRKER R 0, W75 X M HE
ZTE.

Ii one 1ow or column has all zero entries, the value of the

determinant 18 zero.

{5l 5.21(Example 5.21) #HE _HIREHF.

Expand about the second column.
-z 2ol 3ol 3
STV 1l a1l T2 2

W o
- o o

=0+0-0=0

£ 3(Property 3)

RGN E—FTHRN NS - T oo KRR LB, WET K
E{E e LU TR # .

If each entry in one row or one column is multiplied by a constant,
‘the value of the detenminant is mmltiplied by that constant.
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%] 5.22(Example 5.22) &8 — 17 RIF FHFFIA.
Expand about the first row of the following

determinant .
1 0 4
-1 2 ¢ :1’2 0|-0+4‘_1 +2‘
301 1 o 301

=1(2)-0+4(-7)
=2-0-28= -26
FHLUETHAS —MELERL 2, AR EE-FRIT.
Multiply the first column of the above determinant by 2 and expand
about the first row.
2 0 4
2 0
~2 2 0 =2‘ ‘ —0+4'
1 1

42‘
6 1 1

6 1

=2(2) -0+4(-14)
=4—-0-56= -352
Bt B —FIFnRKEL 2, 177N AEBHET KA.
Thus , multiplying the first column by 2 doubles the value of the

determinant .

= 1% 4( Property 4)

R B AT (3 WA 2 R F 883 bR s — 1T
(F) AT E, M N rHE AL,

If a multiple of the entries of one row/column is added to
corresponding entries of another row/column , respectively, the value of the

determinant remains the same.

il 5.23(Example 5.23) & L,
According to the above example,
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1 0 4 1 0 4 + (- 4)
(1) -1 2 0|l=1]-=1 2 0+ (4)
3 1 1 3 1 1 +(-12)
€ 0 L [ Oy - 40,
1 0 )]
= | -1 2 4
3 1 —11
1‘2 4‘ O+0
S R 1 A
| —_22-4=_2
1 ﬂ 4R| 1—1 D+2 4+0 RI+RQ
{27 -1 2 0|R: = -1 2 0 R,
3 1 1|8 3-_-3 1+6 1 +0| R +3R;
0 2 4
2 4
={-1 2 0l=0=-(-1) + 0
7 1
0 7 1

0+{(-20) +0=-26

ia A A B vk el LI 4T 3 Aay i 5.
Using the properties above may simplify the operation of a
determinant .

H1 5. 24 Example 5.24)

1 2 3 1 —3(3) 2 3
4 -1 -2/ =1]4-3(=-2) -1 -2
3 0 1 3 - 3(1) 0 |
C] Cz (:3, C]—Sc:g Cz ':'3
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= 10 -1 -2
0o 0o 1
=0-0+1‘_8 2‘
10 -1
= 1(8 -20) = - 12
# 5.25(Example 5.25)
3 -2 -1 2 0 0 -1 ©
4 1 2 -3 10 -3 2 1
_9 _5 7 _8/ |12 —-19 71 6
1 5 3 -2 10 -1 3 4
C, ©C Cy G, Cy-3CC, -2C,C3 o+ 26,
0 -3 1 10 -3 1|R”
=(-1l12 -19 6 = (~1)|-48 -1 O|R,-6R,
0 -1 4 -30 11 O|R-4R

1

11‘ = (- 1)(1}(- 528 -~ 30) = 558

48 al
= (- 1)(1)‘ m

#l 5.26(Example 5.26)
AT R B x (Solve for x of the determinant ) :
1 -3 1
-1 x =-2j=0
2 -1 3
=8 T RIF.
Fxpand about the second row.

-3 1 1
—(—1)!_1 AR

1 -3
—-{-2 =0
2 3 ( )l2 —1‘

(1= 4+ x(1)-(=-2)(5) =0
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8+ x+10 =0

x =—2

= AT RBEREERNASES
(Determinant Selution of Systems)

FIBAWI BN RSB R
Recall the systemn of linear equations represented by an augmented
matrix;
[ﬂu ap | 51} {ﬂnx +apy = b O

I
&

131 i | bz

HRE O WLRR an.
Multiply both sides of equation © by ax.

Zx + ¥

Q)1 8nx + appany = anb;

HFR Q@ mMEFRFE - an.
Multiply both sides of equation @ by — ajs.
— apayx — apany = anbs
F A .
Add the twe equations.
(anan — apanla = apd — appbd;
MBI (ajpaen — aranltx <0

by, an
axnb) — apbsy by ap
-ﬂu(Then): x = =
a1dx — 1282 €25y &2
a3 O
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) *51

[7] ¥E ( Similarly ) : y = az o
251 212
ity axp
wfil|| " TP T R R £,y WATHIK, BN D.
dz a1

BRBETFIRD « WRERH BN b, TR, BEWTARICH
D,. WRBATFIA D y M RBARK b, BRI, BB TR
% D,.

@11 3

We call the determinant of the coefficients of x and ¥ of

21 ogee]
the system,denoted by D. The x column of D is replaced by the constant
b;, and the determinant obtained is denoted by D,. The coefficient of y is
replaced by the constant &; and the resulting determinant is denoted by
D,.

M W (Gramer’ s Rule)

e ap |l b
mg] 0 U pemrmat o s,
an axl b .
D, D
*=p r=pr DO
an appl b7 _ ] ]
If[ ]1sﬂleaugmentedmatnxofahnearsystﬁnm
iy axnl b
x and y , then
D, D
*=p Y=Dp- PO

$l 5.27(Example 5.27) MFREFBREAR x My

R



Solve the system for x and y :
{4 x -8y =17
12x+ 16y = -9
#% ( Solution ) ;
ST BT P .
First, form the augmented matrix:
4 -8 ]?]

12 161 -9
\1? _3‘

B, j-9 16 200 5
x"‘D—lzt —8‘ =160 T 4
12 16
'4 17"
y=_121= 12 -9| -240 3
D 160 = 160 T 2

=5 -2).

FEIRMENIAT LIS A T n BhERME TR
Cramer’ s rule is general and can be applied to a linear system of n
equations in r variables.

[an  ap - ay; @ | b1
@z @xp Tt 8y vt @z, | by
iR E 2 E P
(]f} a1 7 2 e i e tin | bl'
: I :
- dp1  @p2 77 A | an

C ay
BRT x1,%2,7, %, x, BIERHEA BT R AT 2R, W

is the augmented matrix of a Hnear system in x,, x5,""", 2;,""' %, , then

D;
I1=31 .’X:z-_—E,"' xi=_.5’-"xn=_b_ H(and)ﬂ;éﬂ




1 5.28( Example 5.28) KL HEH
Solve for the linear system of equations
x -2y -3z=73
{x + ¥ - I = 2
2x-3y-52=75

f# ( Solution } -
1 -2 —3] 3
RSt
2 -3 _51 5
3 -2 _3 -3 -5 -3
2 1 -1 0 0 -1
Db, |5 -3 _35 _|-5 -8 -3
*=p T 1 -2 -3 =l-2 -5 -3
1 1 -1 0 0 -1
2 -3 _5 -3 -8 -5
3 -5
_(_n\ \
B -5 _—8§ 24 -25 -1 _
= ( 1)‘ 2 5‘ “16-15~- 1 ~~
o -3 _-8
1 3 -3 1 3 -3
1 2 -1} 0o -1 2
_ b, 2 5 -5 _lo -1 1
Y=pnp = 1 - 1
-1 2
-1 1
I -2 3 1 -2 3
1 P 2 0 3 -1
b, (2 -3 5 _Jo 1 -1
= p = 1 = 1
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R S |
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FRNE =fEIBERRE
( Triangle Graphs)

§6.1 ZEFfA(Lines and Angles)

— ZRHYRiIE( Lines)

{(—) = (Points)
M PR R REEER - HEMLER. ERER T, R
W HERILMAE MM — L. L FR—EL SR IHR

ROREAKREFRRRT. W R,REER .

A geomeiric point is an element of geometry which has a position but
no extension. It has no size, nor can it be seen. It is a single expression
of a geometric position. Points that lie on the same straight line are called
collinear points. A capital letter is often used to mark and name a point.

For instance, R is read “point R” .

(=} E£& (Straight Lines}
JUELR AL N MES. WEENHERTHEEREL. L
MEETFHERKRBTH T RECHRN, ERERA, THERMNY
MTREM, HAMNEEBSBRARE , BHKE.
A geomelric straight line is a set of collinear points; for instance,
pencils and chalk can be both regarded as straight lines. A geometric line
213



has an infinite number of poinis without endpoints and may be extended
indefinitely in both directions. Any part of a line has no width or
thickness but length.

wHE —&ZEAKTH - PMEFEHE
AL, WE 6.1 B HE AR HER |
—HKBALKBAITUBEEXFEL ENEE
BARRR, WE 6.1 R AL B B\
BLEEELR AB , HE 6.1 i ELR
ALEECER AB”, A DAiE Ak H 6 1(Fgue 1)

BA” EfTBI K FFAT LA #2.

To name a line, we can express it in a small letter, such as the hne
in figure 6.1, which can be written as “line I ”; we can also use any two
labeled points on the straight line to express the line, so the line in figure
6.1 can also be written as “line AB “or “ line BA 7, the order of which

B AP (Axioms of Straight Lines) :
29 1( Axiom 1)
AFRE —FRBRAE—FRELK.
There is one and only one straight line through two points.

%+ 3 2( Axiom 2)
BRER LFXEFTEDA.
There are indefinite points on a straight line.

A 2 3(Axiom 3)
—#BXFEBE=AP. FERF—HEAWARZIH.
Among any three points on a straight line, there is one and only one
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. point between two other points.

L 4( Axiom 4)

MEAMBEER WA, UNER LEELRENEE A
Al B Z[a].

If A and B are two points on a straight line, then there are indefinite
points between points A and B .

(=) S22k B (Rays and Line Segments)
P Z B R H W — i
A ray and a line segment are both a part of a straight line.

1. ¥4k (Rays)

HE FE— RS HL S AMEES . S E — 53851 i
SR EER, X A A R R SR D, e —
A7 16 50 R HE 4t

Any point on a straighl line can separate the line into two parts. The
part extending from the point is called a ray or a half straight line and
the point is called an endpoint. A ray has one endpoint and extend to
one direction indefinitely .

R BTE T LA SH B A AR Y ;
WA E R, N 6.2 Biw S 4
2 AR RS 047, BAREE,

FrAmpaFEHESEWN. %537 ©
Kb H— MM NEFESEFRR, W
6.2 FHIHE 04 BT LIICHE S
®17.
A ray can be expressed by an endpoint and another point on the ray.
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For instance, the ray in figure 6.2 is named “ray 04 7. What should be
particularly noticed is that the letiter denoting an endpoint is writien in
front of the ray. A ray can also be expressed by a small letter, such as the

ray OA in figure 6.2, which may be written as “ray [ 7, as well.

2. 2R B¥{ Line Segments) \ a .

HR EA SRTnzme 4 &
HB 43 1 A 6 B, X P ] i 2R B
Mss . SERAF MRS, B REEE
o KEAEEWER . RE AW SERER, ME 6.3 Wi, M
MR A, B R EHDELREE AB Sk Bt BA, Aot el idEL B

a.

Bg 6.3{ Figure 6.3)

A definite part of a line between two points of a straight line is called
a line segment and the two points are called the emdpoints of the
segment. A line segment has two endpoints and cannot extend with a
definite value of length. If a line is expressed by two endpoints 4 and B ,
as is shown in figure 6.3, the segment is written as sepment AB or BA

and sometimes as segment ¢ , as well.

(P9} £& iy Fh A H1{E B ( Kinds and Positions of Lines)
1. 2R AT FF 5 (Kinds of Lines)

(1) Bi%k(Straight Line) (2) BiZR (Curved Line) {3) 37%R (Broken Line)

Bl 6.4( Figure 6.4)

B B4R 4, A LR FudreR , mE 6.4 By~ .
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Besides the straight lines, there are also curved lines and broken
lines, as is shown in figure 6.4.

AR SRS R OIE . b n B AR B S
A6 H % B Rl Y ERAR R I £k

A line composed of sets of uncommon points is called a curved line.
A line composed of n different segments connected with each other is
called a hroken line.

2. H e 891 B (Positions of Lines)

1) —#H L8 {78 (Position of One Straight Line)

—HRELE VPPN BERFEH KEMEEHE =M.
(A 6.5)

One straight line in a plane may be in vertical, horizontal and slant
or oblique positions. ( see figure 6.5)

/

(1) 3B AR (Vertical) (2) A F i E (Horizontal} {3) {RF I & (Slant)
B 6.5(Figure 6.5)

2) PRAR H 22 1948 .47 & (Positions of Two Straight Lines)

PR EREL PR EAET =R X P ER. M
Bl 6.6 FFw . |

There are three positions of each other for two lines in a plane:
intersecting, parallel and perpendicular, as is shown in figure 6.6.
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> == |

() AH7Z (Intersecting ) {2) ¥¥7 (Parallel) (3) 3 H ( Perpendicular)
B 6.6(Figure 6.6}

HMESEETEB YR T A, FAWEZKIFEX.

If two lines have one intersecting point on a plane, the two lines are
said to be intersected.

WERETEPEEZA . FRAWER LT, A/S 7 =R,

If two lines have no intersecting point in a plane, the two lines are
said to be parallel to each other, expressed in a symbol as .

UHHAEFEPE —THESBHEEMAEIEMH, M
FMHEZER, ANYS | #n.

It two lines have one common point and the angle between them is
perpendicular, the two lines are said to be perpendicular to each other,
expressed in a symbol as | .

P bR R e 5] AR R
PhERIBYEE , E 6.7 ik, (B
BT AW BB, & 4 .
B S A2 B ) K X B R
fB] ) BE % .
Thers may be numerons tvpes
of lines between two points in a B 6.7( Figue 6.7)

218




plane, as is shown in figure 6.7. However,a line segment is the shortest
of all the lines between two points. The length of the segment between two
points is called the distance between two points.

Z . HHIRIA ( Angles)

(—) =X (Definitions) 4
AL SRR ESA RS

EE A, 33X A2 80 o5 oL T AR 0o B

WA A, X RS i mayia, mE
6.8 FAMIR AL 0, % 04,
OB.

The figure by two rays drawing from a common endpoint is called an
angle. This common endpoint is called the vertex of the angle and the
two rays the sides of the angle. As is shown in figure 6.8, the vertex of
the angle is € and the sides are 0A and OF .

B 6.8(Figure 6.8}

MEAFERE — AFREF RSN A BIEF 25
— A BT R BT . 1B 6.8, 7 B RLATER 04 580 R M 04 BE
¥ 3 oB BB AETE.

An angle may also be regarded as a figure formed by a my revolving
about a fixed point from one position to another. As is shown in figure
6.8, the angle can be treated as a figure formed by ray OA tuming about
the point ¢ up v O8 .

[} ARy FEiEHA T ( Ways of Expressing Angles)
RIAFEHEFS "RFBRA".
The symbol “.™is usually used to denote an “angle” .
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ARNRANTEESA =FM(NE6.9).

1. AR RE FBXRRA.

2. H=1"" REFEFRN, PE AT LT AR T .

3. H—1TSEARN/ NG FRERETRER.

Angles are usually expressed in three ways (see figure 6.9) .

1. Use a capital letter at the vertex.

2. Use three capital letters, of which the middle letter must indicate
the vertex of the angle.

3. Use a small letter or figure inside the angle.

—

(1) gEfE“Mm A7 (2) iBVE“fs ABC” EN“H CBA”
(Read “angle 4 ™) (Read “angle ABC "or “angle CBA ™)
/4 \4(\
(3) BIE“A m” (4) EE“A 47
(Read “angle m ™) { Read “angle 4™}

B 6.9( Figure 6.9)

(=) ¥ (Kinds of Angles)
S 6. 10 B 75, 8158 04 285 0 Beds , MR- ' oC HiRRR
72 04 R—E e, BT 2% 0 S RERE R, X T HME 180 8RN

220




. AT e ekl dt , B A E
B, B BLRY A N AR, HA O 360 .

As is shown in figure 6. 10, when a
ray tums about point ¢} from the position O
OA up to OC , the finishing position OC
and the starting position OA become a D
straight line in an angle of 180", which is E
called a straight angle. When the ray
keeps on rotating back to the starting
position in a complete circle, the angle formed is called the
circumferential angle whose measure is 360 .

B 6. 10{Figure 6.10)

SO I R EMA T O/NT O WARASEA; X T 0 hT
180 A A, AT 180/ F 360 A A Mm, tnH 6. 11

Lo N\

(1) E A (Right Angle) (2) 8l (Acute Angle) (3) &5 {Obuse Angle)

AR

(4) WA (Suaight Angle) (5) £ M (Reflex Angle)
6. 11(Figure 6.11)
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The angle whose measure is 9% is called a right angle; the one
whose measure is greater than O and less than 90 is an acute angle; the
one whose messure is greater than 90° and less than 180" is an obtuse

angle; the one whose measure is greater than 180" and less than 360" is a
reflex angle, as is shown in figure 6.11.

(A} 28 52151 3% 5 ( Relationship between Angles)
1. & R bf (Supplementary Angles)

MR AMET 180, M AT DA . ME 6.12(1), L1 8
AR 2, 2 0F RN L.

Two angles are supplementary if their sum is 180" . For instance,
in figure 6.12(1), the supplementary angle of .“1 is /2 and that of
L2is L1,

2. H A4 A (Complementary Angles)

B E N AR o0, XM A ERNHRACNE 6.12(2).
Bl 3 MRARLA LAMRANLS,

Two angles are complementary if their sum is 90’ { see figure 6. 12
(2)). For instance, the complementary angle of /“3 is /4 and that of
Z4is 3.

NN B

(1) B A% {Supplementary) (2) H k4 A (Complementary )
B 6.12( Figure 6.12)
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= HZZ LI E TR (Intersecting and Parallel Lines)

(— )} HTRAmEEEN M
{ Vertical and Adjacent Supplementary Angles)

WmE 6.13 i, MEZLHE

BP0 £, 50 o — A A SE TR o2 2
HoP R AN, FRBE LK L
. B

As is shown in figure 6.13, there
are four angles when two lines are
intersected. These angles have a common vertex; some of the angles have

B 6.13( Figure 6.13)

A ¥
a commnon side and some haven't.

AR A, BRE AR, RSN AN TR,
EE6. 131,254, L1 53 BENTA.

Two angles having a commen vertex but no common side are called
vertical angles, such as, in figure 6.13, 2 and 4, 1 and /3
which are all vertical angles.

FALE — AT E, B H —adhd - A Y Hieds
. m 52,253,154, /3524, (" 6.13)

Two angles having not only a common vertex hat a common side are
called adjacent supplementary angles, such as .1 and .72, 2 and
23,1 and 4,73 and /4. (see figure 6.13) '

BALKAXHFEETIIXE:
( Relationships between two straight lines intersected)
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1. BEEEHEZ, XM .
Their vertical angles are identical if two lines are intersected.
2. P BERAAAC, SBFM A E D
Their adjacent supplementary angles are supplementary if two

lines are intersected.

{Z) FE4£k (Perpendicular Lines)

WME 6. 14 Frs R EEHEZFERMN AP, & - TAR
HAMN R XPHEAERHLTER HP -FEHEZMMS —FEHE
RIEL. TN R OMUMBER. 3 —EBRF —4#HELSCAHE
RIEH.

C 4 b
.

A 0 B
D ¢ B

A 6. 14( Figure 6. 14]

As is shown in figure 6.14, if one of the four angles formed by two
lines intersecting each other is a right angle, the two lines may be
regarded as perpendicular to each other, one line being another ~ s
perpendicular line. The intersecting point O is called a perpendicular
base, through which only one straight line is perpendicular to a given
straight line .
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(=) Bt . A RAMEZFN A Corresponding Angles, Alternate
and Same-side Interior Angles}
ME6.15 i~ , BZR AB.CD S5 EF =2, ¥R'T 8 1.
As ig shown in figure 6.15, lines AB and CD intersect EF , forming
eight angles.

v B AR §— X A s E G,
AA55..2506,.3507,245 A
Z8.

A pair of angles in the same position
are called correspomding angles, such as
L1 and 5,22 and L6, 23 and 7,
24 and 8.

B 6. 15( Figure 6. 15)

EFEE AB.CD Z W I EEHLR EF WA S —X N A
FARSBA. M 38 25, L4 L6,

A pair of nonneighboring interior angles inside the two lines A8 and
CD ,as well as on both sides of line EF , are called alternate interior
angles, such as 3 and /5,4 and /6.

EFEZ% AB.CD 2N, HEEHLK EF A—FHAHEBAA,
HARRFERM, W L35 6,45 5.

A pair of interior angles which are not adjacent inside two lines AB
and CD , as well as on the same side of line EF , are called the same-
side interior angles, such as /3 and 6,24 and 5.

(M) FE17£E41E R ( Properties of Parallel Lines)
ER—EE N, AR R & T ETE, FITHA
2y Fn,inEe.16, 5 1, 5 1, BEATLR,IBFEL 4 L7, %
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B L 5T L7, ER—TFEA.FAAAEKRNGE REHZ. 5
[

Two lines are parallel, denoted as “ /" , if there is a plane in
which they both lie and they do nol meet however far they are produced,
such that in figure 6. 16, lines 1, and 15 are parallel lines, written as “1, //
137 ,read “1, is parallel to I3 7. In the same plane, two straight lines are
either intersecting or parallel ,

{y
A 6.16 BT, PR A L. I A f
W=HKERILAE MR L /L, MEAY 4 2
e, il 6.16,21 = /5, /2 =
26, 73 = 27, 4 = 78; PISEAFHE 3 l

% W 6.16, L3 = L5, 4 = /63 w
MWEpymash. mE6.16,73 + 76 =

180", 4 + /5 = 180.

Az is shown in figure 6. 16, when two

lines {; and I, are cut by a third line {, , and I /4 I3, then the
corresponding angles are equal, sucb as in figure 6. 16, 1 = 75,
22 =6, .73=7, 24 = ~8; altemate interior angles are equal ,
such as in figure 6.16, /3 = 75, /4 = /6; the same-side interior
angles are supplementary. For instance, ~“3+ /6 = 180, /4 + /5 =

=]

180 .

B 6.16(Figure 6.16)

226




§6.2 =H#(Triangles)

— E &% ( Basic Concepts)

{~)} XE X (Definitions)

HAER —-FHAK LW =FHKE
BREBKHMEENHEENSE=1fAA,
SR, M 6. 17TFHmHI=/F
FiefE“adBC”, ®E“ =W aBc”. B a C

A triangle s a figure with three
segments of a straght line connecling in
secquence with each other, dencted as the symbol “47; as is shown in
figure 6. 17, the triangle is written az “ &ABC 7, read * tmangle
ABC " .

P 6.17( Figure 6.17)

TE=ZFIE ABC h A=A BINN =ANa1ia, nA
6.17 5 £k Bt AB . BC.CA REATENA. BRERIUAH a, b, R
A, ME e 17, A BB I BC a7, B R BILACH
bRF,C RFTHEIHAB Flc T/,

In triangle ABC , the segments forming a triangle are called the sides
of the triangle, such as the segments AB, BC and CA in figure 6. 17.
Sometimes we can use a,b,c to denote sides, such as in figure 6. 17,
side BC opposite point A4 denoted as a ,side AC opposite point B denoted
as b and side AR opposite point C denoted as ¢ .

EAEASHAA A RS NS =AIENTRA, WA 6.17 Br
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RLALB,CE=ZAEN=1TA.
A common endpoint between two adjacent sides of a triangle is called

a vertex of the triangle. For instance, 4, B and € in figure 6. 17 are
three vertices of the tnangle.

=AEHBFAFrHRMAHB=AIENRNE, IR =ZAE
FIfE L, 6. 17 Bk, LA, /B, C R=MENA.

Angles formed by two adjacent sides of a triangle are called the
interior angles of a triangle, simplified as the angles of a triangle, such
as A, B,ZC i figure 6.17.

A

ZSREN—-AS5S —AaEkd

R, SRR, W
6,18 i S ACD.

Angles formed with one side of a B ra D

' triangle extending to another are called the
. exterior angles of a triangle, such as B 6.18(Figure 6. 18)

2 ACD In figure 6.18.

(=) =& EHELE ( Three Important Segiments)

1. =85 328 (Angular Bisectors of a Trangle)

ZRaE—TRANTFIERSEA A
FI A9 TR 2, KT A I T e P A2 R
ZEMEEYWE=ATHEESE.

N 6. 19, 52k AD ¥4y 2 BAC, X
31 BC FAD, BB ADBE odBCHy P E D

— 2R B4R, W BAD = Z DAC & 6.19( Figure 6.19)
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1
= 2LBA{I‘.

The bisector of an angle in a triangle intersects the opposite side of
the angle and the segment between the vertex of the angle and the
mtersecting point is called the angular bisector of the triangle. As is
shown in figure 6.19, ray AD bisects .~ BAC and intersects the opposite
BC a1 poimt [ . The resulting segment A} is an angular bisector of

AABC . So ./ BAD = .~ DAC = %43,40.

2. =RE Y28 (Ceniral Lines of a Triangle)
EE-NTHEMEAAP SR E =R PR, X
6. 19 R, ERBC AV LREE AR B A ABC i) —&hel |

BE = EC — %BC.

A line conmecting one vertex with ils opposite mid-point is called the
central line of a tiangle. As is shown in figure 6.19, E is the mid-point
of line B and segment AE is a mid-point in &S ABC , getting BE = EC

1
= & BC.

3. ZMIEATE (Altitude of a Triangle) F

W= T — A T A T X A c
FeLk DA ME R EALRNBR=/AT
fEE. WA 6.20 Fiin,AD, BE, CF 4+ 8 D <
R AABC =% . T AD B A A4ABC
t BC Mt EHYE, WH . LADB = 90, Bl 6. 20( Figure 5. 20)
LADC = 90, SADB = ~ADC.

Draw a vertical line from a vertex of a tmangle to its opposite side,
called base, and the segment between the vertex and the base is called

229



the altitude of the triangle. As is denoted in figure 6.20, AD, BE and
CF are three alutudes of & ABC , respectively. Since AD is the altitude

on side BC in &SABC, ADB = 90, ADC = 9, ~ADB =
S ADC.

tem —
——

= .= ERY 4 FE( Classification of Triangles )

{—) 32iB4r3¥ (in Terms of Sides)
ARSI =AE . FSE=MTNHFA=/AE, NE 6.2]
s .

Trangles can be classified into nonequilateral triangles, isosceles
triangles and equilateral triangles, as denoted in figure 6.21.

A
| /\ /A\
B/\C B c B c

(1) (2) (3)

& 6.21{ Figure 6.21)

1.5 %53 = 17 (Nonequilateral Triangles)
ZHRFHSSARTHEN=AE ITEL=fRE, nHE
6.21(1) Fi7w .
A triangle in which none of the three sides are equal is called a
. nonequilateral triangle, as shown in figure 6.21(1).
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2. FE = fIE (Isosceles Triangles)

APFAMEFEHN=ATEVEEFEE=M, E 6.21(2)F7R.
EHEE =TT  HEWPORES0EE, S Lol Els, WHEW
FAUSINA, EARR/ARAMERER.

A triangle that has two equal sides is called an isosceles triangle,
as shown in figure 6.21(2). In an isosceles triangle, the two sides which
are equal are called waists, a third side is called the baseside, the
included angle between two waists is called a vertex amgle and the
included angles between the waists and the baseside are called base

angles .

3. %3k = A (Equilateral Triangles)
SE&BMHEN=AFUGEELZRAE, EEFKNETE=
17, BIRE 21 Fi AR S 1 = /8, LA 6.21(3).
A triangle with all three sides equal is called an equilateral
triangle, which is a special isosceles triangle, that is the tmangle with the
base side and waists all equal {see figure 6.21(3)).

4. - HE4E E ( Two Important Properties)
1) Z/AEAPHEMRIR TR =R,
The sum of two sides is greater than a third side in a triangle .

2) ZRPERANENTR=4.
The difference of two sides is less than a third side in a triangle.

6.1 —PEE=MEHNREKNIN 18 cm.
(1) CAEEEEIKM 2, REAK.
(2) EmETYT B EXF 4 em, S REEHBK.
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1% -
(1) WA A ~ , WIER 2 .
x +2x +2x = 18 Sox =3.6
W, =i1455% 3.6 cm, 7.2 cm, 7.2 cm.
(2) WEKH 4 cm B RIERS KR « .
Fraxa+2x4=18 x =10
4+4<10, BMEREXNBAZMNNFHE =3, A0 R4
=M.
x = 4 HEEE A=A K.
W =4 R=ABHE  MNE)S x.
4 +2x = I8 x =7
=MIBE = N4 HN 7 cm,7 cm, 4 em.
Example 6.1 The perimeter of an isosceles triangle is 18 em.
(1) Given that the length of a waist is twice the base side, solve for
the lengh of each side.
{2) Given that one side is 4 cm,solve for the lenghs of the other two

sides.
Solution
{1) Tet the base side be x , then the waist length is 2x .
x +2x +2x = 18. Therefore x = 3.6
Then the three sides are 3.6 cm, 7.2 em and 7. 2 cm,
respectively .

(2} Let the 4 cm side be the waist, then the base 1s x .
Cet x+2x4=18, =x = 10.
Since 4 + 4 < 10, that is, the sum of two waist sides is less than a
third side, which cannot form a triangle,
the value x = 4 can only be the base of the triangle.
Suppose x = 4 is the base of the triangle, then the waist is x.
4 +2x =18 =« = 7.
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Therefore, the three sides of the triangle are 7 em,7 em and 4 cm,
respectively .

(=) ¥ 5 3 (In Terms of Angles)
A hBA FERANEA =/,
Triangles can be divided into acute, obtuse and right iriangles.

=T N fa e B
( Theorem of the Sum of Interior Angles in a Triangle)
=RATBHETHAZMET 180,
The sum of the measures in degrees of the interior angles in a
triangle is 180°.

W= AR AfEE, = AN =N A T BIREASA, 1
AgEE — TR EMARMEA, BATEAEFH - EAREA .

In terms of the theorem of the sum of the interior angles of a
triangle, the three interior angles may be all acule angles, or one angle
may be tight or obtuse, but it is impossible to have two right or obtuse
angles.

1. 8if = A (Acute Triangles)
=AREEAsN Ak EsifAa=wE, mE 6.22(1).
The iriangle with three acute angles is called an acute triangle, as
shown in Figure 6.22(1). :

2. B =/ (Right Triangles)
H-TaREAN=SAEWENR=faR, W8 6.22(2) FF
. TEEASAE D, B ANF DM A faik 890 80
i FREABMHEENEA =ATWESEAR=AE. A=
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AETLURMFS “RA" RRE, A =M ABC v U B &
“Ri&ABC” ,E{E“BA =M ABC”.

A

L C
A %
8 C B c B

(1) (2)

(3)

K 6. 22( Figure 6.22)

The tnangle with one nght angle is called a right triangle, as is
shown in figure 6.22(2). In a right triangle, the two sides of the
included right angle are called the right angled sides and its opposite
side is called the hypotenuse. The right triangle with equal right angled
sides is called an isosceles right triangles. A right triangle may be
expressed in a symbol as “RtA"7 . Therefore, the right triangle ABC may
be written as “Rt ABC” and read “right triangle ABC 7.

3. & A = i £ ( Obtuse Triangles)
F—TAEESEAN =AM EstR =R, HE 6.22(3) 8
. BAZAEIHA=AEEKIE=RE.
The triangle with an obtuse angle is.called an obtuse triangle, as is
. shown in figure 6.22(3). The acute and obtuse triangles are hoth referred
to as slant triangles.

4. P~ EE M B (Two Important Properties
) AR —TSMAETREAHSHFAE TR AZM.
The measure in degrees of an exierior angle of a triangle equals
the sum of the measures in degrees of its two nonmneighboring
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interior angles .

2) ZAEH TR TN — TR ERBEMAN S
An exterior angle of a triangle is greater than either of the two
nonneighboring interior angles.

fFle.2

£

-

(2) PR

M. Ee. 23R, D &£AB A
LW -0, E BAC HHI— 5, D
BE,.CD T & F,. A = E
62, ACD = 35, ABE =

B C

20,
(1) ~/BDC R FE¥
(2} ~/ BFD B
(1) /BDC = S~ A+ ~ACD
S BDC = 62 + 35 = 97 .
L BFD = 180 — /BDC — ~/ABE
= FATE:FbE
S BFD = 180 97 - 20 = 63

# 6.23(Figure 6.23)

Example 6.2 Given that , as shown in figure 6.23, D) is a point on line

AB , E is a point on line AC, BE and CD are intersected

at point F ,
SA =62, ACD = 35, ABE = 20°.

Find

{1) the measure in degrees of .~ BDC .
(2) the measure in degrees of 2~ BFD.

Solution

(1

Y S BDC = A + ~ACD
Therefore, .~ BDC = 62" + 35 = 97.

{(2) ~BFD = 180° — / BDC — ~ ABE
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(the theorem of the sum of the interior angles of a triangle)
Therefore, ./ BFD = 180" — 97" — 20" = 63

Z. B AR

(—} ZFHE = 5 7 Isosceles triangles)
1.

2.

(Properties of Special Triangles)

ST = TR N AR AR m
6.24% ., R = (. B c

D
The two base angles of an isosceles
triangle are equal. As is shown in B 6.24( Figure 6.24 )
.ﬁgﬂl‘& 6'2‘43 48 = LC .

FE=RAERAMN TR VFaRAFEHETRA. WHE6.24,
BD = CD,/ADB = /ADC = 9. Ml: ADV-4yBC,H ,AD |
BC.

The bisector of the veriex in an isosceles tnangle both bisects and is
perpendicular to the base side. As is shown in figure 6.24, BD =
CD,ADB = A ADC = 90 .That is, AD bisects BC ,and AD |
BC .

FE=AENTRATSEJED PR R EMREHE

.

In an isosceles triangle, the bisector of the vertex, the mid-line of the
base side and the altitude of the base side are coincident with each
other.

. EH=AENEREHESE BEES-TABET 60

In an equilateral triangle, each of the angles is identical with a

236




messure 1n degrees of 60).

A TAFTONEBR=AIERFU=AE.

The isosceles triangle with an angle equal to 60 is an equilateral
triangle .

{—) Bfa =A% (Right Triangles)

1.

3.

HEAZAEHESSALAR. ME6.254, 4+ LB =9
In a right triangle, the two acute angles are complementary to each
other. As is shown in figure 6.25, /4 + /B = 90 .

EHAZAR S, B —HR B

AETF 30, AKX E

MMSTRMM—%. e 2
6.25 R, H LA = 30, W,
A= 5 4
BC - %AB. |
In a right triangle, if one acute FH 6.25(Figure 6.25)

angle is 30", then the length of
the leg opposite the 30" angle is half the length of the hypotenuse. As

is denoted in figure 6.25, if /A = 30" , then BC = %AB

7] A% £ B (the Pythagorean Theorem)
F—HASAEEAN o, t NP FRETHRHIcHTFH.

In a right triangle, the sum of the squares of the two legs a and & are
equal to the square of the hypotenuse ¢ .

a4+ b2 = &2

4. ‘5] B 5 5% 78 ¥ (the Inverse Pythagorean Theorem)
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MBB=MEH=5F£DK e, b,cFRRE e+ b = 2L, WX
M=RIEREA=ARE.
In a triangle, if the three sides @, b and ¢ have the relationship a” +

b* = ¢?, then this triangle is a right one.
Mg, — 5 R A 8 3K A2 ( Solution: for the Area of Triangles)

1. CM=AERN—KEN b RIEA LR &EMIE 6.26 Fixz), 1
=HEAmE AN

A = S bh

1
2

B 6.26{ Figure 6.26)

Given one base b and its altiude & {see figure 6.26), then the area
A of a triangle is

A = S bh.

1
2
2.CHM=REMMFEERRK o, b RIS CHBE(IME 6.27),
M) = 5 75 6% e BUR s 2 N
A = %ﬂ,b sinC
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Given the lengths of two sides a , b and A
the value of their included angle € (figure

6.27 ), then the formula for the area of a c b
triangle is
A = Jab sinC. B = c

3. BM=RAB=&l e, b,c, RiZ=f  B6-27(Fguwe 6.2D
R w6, 27.

A=+s(s~a)s—58)(s—¢)
Hr,s = ‘%‘(a + b +c) i&]% =HIEMEEK.

Given the three sides a, b, ¢ of a triangle, solve for the area of the
triangle as is denoted in figure 6.27.

A=+vs5(s—a)(s —b)(s —¢)
where s = %(a +b+e) is%ﬂ‘neperimeteroft]wn'iangle.

4. BHZAEN—&KROK o, REEP B A, B, RZABHE
B HEAKXS
_ _c*sinAsinB
~ 2sin(A + B)
Given one side ¢ of a triangle and its two adjacent angles A end B ,
solve for the area of the triangle, of which the formula is

_ c*sinAsin B
= 2sin{A + B)

A
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E(LtE NMBEaBEREZX
(Quadrilateral Graphs)

§7.1 EEWLZE(Basic Concepts)
--,E)E,(Deﬁ:ﬁﬁnns}

B ATER — F12E b oY I 4% 28 B2 1 o W0k M 2 24 AR o R OE my
15 PR 7% . 2H B8 DU T8 89 B S R B W A DY SR T B0 3, 45 HE AR TR A& il
B2 s i R TR . AT ERENE TS
BESR R, U0E 7.1 RIS , AT LA HE MR T S BB , D R MsA
¥ ABCD” .

The graph wilh four segmenis not on 4
the same line connected with one after
another is called a quadrilateral. Each of
the four segments forming a quadrilateral is
called its side and the common endpoint of B c
every two adjacent sides is called a vertex of
the quadrilateral. A quadrilateral can be
expressed in the letters of its vertices, such as the quadrilateral in figure

7.1, which can be written as “quadrilateral ABRCD " in sequence of the
vertices

&3] ?.I(ngre 7.1
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i 4 i) 1 { Convex Quadrilaterals)

M A T AR — B E W K, IR S A K AT
BWEHSWFE—F, BB . aE 7.2 2004
¥ ,mE 7.3 MAEDSMAE.

A I

B 7.2{ Figure 7.2} B 7.3( Figure 7.3)

Extend any side of a quadrilateral to both directions and if all the
sides are on the same side of the extended line, the resulting quadrilateral
is called a convex quadrilateral. For example, the figure in figure 7.2
is a convex quadrilateral, while that in figure 7.3 is not a convex
guadrilateral .

= 3T ALR (Disgonals)

TEDUH T ep , A AP A AV 2R Br ] A FE B9 3T A
8. I 7.4 , MY ABCD P, AC . BD R A FEABCD B
R

In a quadrilateral, the line segment that joins two vertices not
adjacent to each other is called a diagomal of the quadrilateral. As is
shown in figure 7.4, AC and BD are the two diagonal lines of
quadrilateral ABCD .



=.MiaERamfnsa
( Interior and Exterior Angles of a Quadrilateral)

PO 21 8 48 P 1 AT 2 BT A PR T A WY 7R A, 7R R D T
M. W 7.5 R, LB, /D HRMATE A A, W e U
— &M AR KO BRF =M. 7EE7.5'F , QLR ABCD W 43
WA &ADC 0 AABC. VIRUTE B9 10 A B9 R R X M = fa i
R AR RF, BTl E

PO FE O P F NS5 T 3607,

In a quadrilateral, the angles composed of two adjacent sides are
called the interior angles of the quadrilateral, simplified as the angles of
a quadrilateral. As is shown in figure 7.5, ./ B and /D are both the
interior angles of the quadrilateral. A quadrilateral can be divided into
two triangles in a diagonal , such that in figure 7.5, quadrilateral ARCD is
divided into & ADC and & ABC. The sum in degrees of the four angles of
a quadrilateral is the sum in degrees of the interior angles of the two
triangles, and therefore

the sum in degrees of the interior anlges of a quadrilateral is 360 .
A

B 7. 4(Figure: 7.4) B 7_5(Figure 7.5)

VAR AN —ia 55 -l 8K 2 AT /i) f m 50U 34
RS B 7.6, La, /B, ¥, 6 IR HSNME. ] +
a =180, A2+ 23 =180, / 3+ v =180, VAR bhf R
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SEALLT B NARMBHMA.

PRI RS A TS T 3607,

MmE 7.6, La + B+ + L8 =
360,

The angle formed by one side of an
angle of a quadnlateral and the extension
line of the other side is called an exterior
angle of the quadnlateral, which is
supplementary to the interior angle with a

commmon vertex, such that in figure 7. 6,
e, B,/ Y, 8 are all exterior angles of H 7.6(Figure 7.6)
the quadrilateral and 1 +a=180", 2+ £R=180", 3+ Ly =
180°.

The sum in degrees of the exterior anlges of a quadrilateral is 360",
For instance, in figure 7.6, o + 28+ /¥ + 28 = 360",

M | % i 7 ( Polygons)

ETEAN, H— SR ERAEERHEBENESAE, XD
Wi TR AR AR AR O R B M R, A
JLEARBRILATE B 7.7, XEBRAEANKD, RITFRETE
ML ARIARE. ' Ap e '

In a plane. the figure composed of
several line segments joined at every
endpoint in succession is called a
polygon, whose sides, vertices, interior
angles, exterior angles and diagonals are
indentical in meaning to these of a A 7.7( Figure 7.7)
quadrilaterat. The number of sides of a polygon determines what pelygon
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it is. For example, the polygon in figure 7.7 has six sides, so we call it a
hexagon .

- h e imliuawrrw

£ 2T B9 N A 1 2 3 (Theorem of the Sum of Interior Angles)

n BIEHKNAMET(n -2) - 180,

The sum in degrees of the interior angles of a polygon of n sides is
(n—2)-180 .

£ 1 TE 5 4 F1 € 3 (Theorem of the Sum of Exterior Angles)
EEENEH I AMET 360 .

The sum in degrees of the exterior angles of any polygon is 360°.

§7.2 F1THHiA R (Parallelograms)
— iE ¥ (Definitions }

C PRALX A BEAT DA 1 R AT AR, A 7.8 TR
FEPUBTY ABCD F,AB // CD,AD // BC, R4 WA ABCD BF
AFUBE . B B RES " R, FATEBTE ABCD iZtE
“ ABCD” , BEPE“ AT W1 7 ABCD” .
The guadrilateral with its opposite sides

A D
jparallel is called a parallelogram. As is
shown in figure 7. 8, in the parallelogram
ABCD, if AB // €D ,AD // BC ,then the B c
iquadrilateral ABCD is a parallelogram. A
[parallelogram can be denoted by the symbol
“—~”, so the parallelogram ABCD is written as “ 7 ABCD ", read
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B 7.8(Figure 7.8)




“parallelogram ABCD ™,

Ay g A — MR e, mE 7.9 R, EBRA
AT B AL R — SR BRI R

A parallelogram is a particular quadrilateral, such that in figure 7.9,
in addition to the qualities of a quadrilateral, it also has some special

qualities ,
PR 5} B 15 PITE AT
c:-pposue sides parallelogram
parallel

B 7.9(Figure 7.9)

A 3
quadrilateral

Z E4T M iA a4 R ( Properties of a Parallelogram )

+E 75 1( Property 1)
AT PO TE B X A A S
The opposite angles of a parallelogram is equal.

1% R 2( Property 2)
-7 0 T 0 2 AR S
The opposite sides of a parallelogram is equal.

#l7.1 AE —ABCD WIXT 4& AC,AC ¥ —~ /7 AABC M
ACDACROE 7. 10 BT 7R).
TEBA .
AB = CD CB = AD LB =D
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A BAD = Z BCD A

1 D
e I \\
AB /4 CD, AD // BC O3
Ll=3,72=2,4 B 207
X v AQ = CA
SARBC = S CDA B 7. 10( Figure 7. 10}
. AB =€CDh CB=AD /B = /D
X s A A= 224 23

Z_BAD = Z BCD
B . OPAT PO B2 X A AR SR S AT P T X i 4H 5
Example 7. 1 Given the diagonal AC of (7 ABCD, AC divides the
parallelogram into &ABC and & CDA , as shown in
figure 7. 10.
Ilustrate AB = CD, CB = AD
2B = D,/ BAD = ~BCD.
Nlustration
Since AB // €D, AD // BC,
=3, 72=.4,
Also since AC = CA, &ARBC = &HCDA .
Therefore, AB = €D, CBR = AD, /B = 2 D.
Similarly, since /71 + Zd4=2+ 73, L BAD = A/ BCD.
It tums out that the opposite angles of a parallelogram are equal and
so are the opposite sides of a parallelogram.

%53 3( Property 3)
SEAT RO X MR E AT 2
The diagonals of a paratlelogram bisect each other.

7.2 WE7.11 /R, B& £ FABCD P % £k AC.BD 3L
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TR 0.
FKUE: 04 = OC, OB = OD
HEBH -
TE 7 ABCD "1 ,AB // CD
1l = 4, 72 = 73
X
* AB = CD
(C3F 15 PR FE #2048 5% )
AOAB = A O0CD
s 04 = 00, OB = 0D B 7. 11({Figure 7.11)
B WIrPUATE ma it A ek 5 ¥4y .
Example 7.2 Given that, as shown in figure 7. 11, the diagonals AC
and BD are intersected at point O .
Nlustrate ©A = OC, OB = 0D,
Mustration In 7 ABCD ,AB / CD,
thus “1=_74, 72=_3.
Similarly, AE = CD
{ The opposite sides of a parallelogram are equal)
thus ALA0AB = &0CD , 04 = 0C, OB = 0D
It tums out that the diagonals of a parallelogram hisect each other.

= . 1T A4 F a9 3H E { Determination of a Parallelogram )

¥ 52 5 2 1(Determination 1)

P9 40 X 46 43 B AR SE ) I JE R SE £ e

The quadnlateral in which two pairs of opposite angles are equal,
respectively, is a parallelogram.

¥ 7E SEH 2{ Determination 2 )
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- et T

P 20 X i 1 B AE <5 A9 U 3R T R S AT PO Rz ?
The quadrilateral in which two pairs of opposite sides are equal, )
respectively, is a parallelogram.

H| 5E F # 3( Determination 3}

X R €8 T A - 4 0 PR TS R AT I 5L T

The quadrilateral in which two diagonals bisect each other is a
parallelogram .

HF EF 4{ Determination 4}

— 3 91 °F- 47 248 5 o iR O R V1A E

The quadrilateral in which a pair of opposite sides are both parallel
and equal is a parallelogram.

M7.3 BEE 712,087 ABCD I gk AC . BD M T =,
0,3 H A0 = €O, BO = DO.
$iE: Wi ABCD EFEFHMIBRIE.

uEBH A D
AO = €O, BO = DO, o
1= 72
AAOB = ACOD B A,
AB = €D
FiFE,AD = BC B 7.12( Figure 7.12)

. [WA5h e ABCD E-EATHMUIR:
(P32 A0 %5 0 IR T R P47 IR )
Example 7.3 Given, as shown in figure 7. 12, that diagonals AC and
BD of a quadrilateral are intersected at point O ,and AQ
= £0, BO = DO .
Tllustrate that the quadrilateral ABCD is a parallelogram.
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Nlustration
AO = CO, BO = DO, /1=/2.
Thus & AOB = & 00D, AB = CD .
Similadly, AD = BC .
So the quadrilateral ABCD is a parallelogram. {The quadrilateral in
which two pairs of opposite sides are equal is a parallelogram. )

W 7.4 WME7. 135, BETEMNMAE ABCD 5 ,AB // €D, AB =
Ch.
RUE: P ABCD BEITHMAE.
iEBH . LS AC.
AB // CD A D

L1 =22 !
AB = CD, AC = CA \é
AABC = & CDA i c
P ABCD Be¥-17 Wik
(P X0 4 PS5 W A T B EiTI A )
Example 7.4 Given that, in quadrilateral ABCD,AB // €D, AB =
CD (see figure 7.13)
Mustrate Quadrilateral ABCD is a parallelogram.
Olustration Join AC .
From AR // CD get ~1=_72.
From AB = CD, AC = CA, gt HABC = &CDA .
Therefore, BC = AD .
Thus, the quadrilateral ABCD is a parallelogram.
('The quadrilateral in which two pairs of opposite sides are equal,
respectively, is a parallelogram. )

Bl 7.13{ Figure 7.13)
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§7.3 . FEE.EFHE
{ Rectangles, Lozenges and Squares)

FEIE 25 IR 77 T A0 R e PR A AT PG54
Rectangles, lozenges or rhombuses and squares are all special
parallelograms .

— JE 7 ( Rectangles)

H—-THBEEANFITAOEefER, mEd <,
F 7.14 iR BB R — AR AT WA .

& 7. 14(Fi_g,ure 7.14)

The parallelogram with one angle a right angle is called a rectangle,
as is shown in figure 7.14. A rectangle is a special parallelogram.

{— ) HEFZRUEEE (Properties of Rectangles)
B R E R 1( Property 1)
SR AERBES .
The four angles of a rectangle are all right angles.
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55 B4R B SE B 2(Propenty 2)
I By 2R
The diagonals of a rectangle are equal .

# 7.5 B, EE ABCD(IME 7.15)
RiF: AC = DB

iEBH:  FERER ABCD P, 4 D
ZABC = /. DCB = 90
(B4 TABERA)
AB = DC, BC = CB BA c
DNABC = ADECB

B 7.15{Figure 7.15)
AC = DR

Example 7.5 Given rectangle ABCED (see figure 7.15)
Hlustrate AC = DE.
Hlustration In rectangle ABCD ,
LABC = L DCB = 90 .
(The four angles of a rectangle are all right angles. }
Thus AB = DC, BC = CB.
So HNABC = &ADCB and AC = DB

(=) 5’93 7E ( Determination of Rectangles)
5 TE 64 H) 5E 2 # 1 { Determination 1)
A= HEEAMNUERER.
The quadrilateral with three angles right angles is a rectangle.

I H| 2 = # 2( Determination 2)
X AR STy B R E .
The parallelogram with equal diagonals is a rectangle.
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#l7.6 BH,% Z4BCD P,

AC = DB ([ 7.16). 4 b
RiE: [ ABCD BXEE 2
fE BH .
'~ AC = DB, BC = CB, B ¢
AB = DC

P 7.16{Figure 7.16)
AABC = &HDCB

Z ABC = ./ DCB

X - AB// DC
ZABC + /DCB = 180 .. _ABC =0
O ABCD BB

(F—TMREEANTVITOREREER)
Example 7.6

Given that, in ;7 ABCD,
AC = DB (figure 7.16), illustrate /7 ABCD is a rectangle .
Nlustration
Since AC = DB, BC = CB, AR = DC,
AABC = ADCB ABC = [/ DCB.
Also since AB // DC, .~ ABC + ~ DCB = 180 ,
ZABC = 90 .
Thus ;/7ABCD is a rectangle. { The parallelogram with one angle
right one is a rectangle. )

— .% ¥ (Lozenges or Rhombuses)

H—HAR A AHER AT A SRR, E 7.17 B, 2

o E—FP I BRAS 17 A JE .
The parallelogram with a pair of adjacent sides equal is called a
lozenge or rhombus, as is shown in figure 7. 17. A lozenge is also a
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special parallelogram .

HAARE

equal adjacent ."I
sides /

AT W4 7

parallelogram

B 7.17( Figure 7.17)

{—) TR AR ( Properties of Lozenges)
R SEF 1 (Propenty 1)
2B IO SR h B AR R
All the four sides of a lozenge are equal.

S5 5 2 2(Property 2)
ZEEMNMBARTHER, S -FN MR P —HITHA.
The diagonals of a lozenge are perpendicular to each other, each

diagonal bisecting a pair of opposite angles.

7.7 Wl 7.18 i, BEH L, TEZETE
ABCD b, Yt gk AC F1 BD 0
ZTRO.

RIE:AC | BD,ACH5~BAD 1 B o
2~ BCD;
BD ¥4y L ABRC # ~ADC. 7.18( Figure 7.18)
HEAH . MBI ABCD RFE
o, AB = AD (ZEFE BRI KA EBFEHE)
TEZME SAABD P,
BG = OD
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AC | BD, AC V4517 ~ BAD
R, AC ¥4+ L BCD, BD ¥4 ~ ABC fl L ADC.
Example 7.7  Given that, in lozenge ABCD , diagonals AC and BD

intersect at O (see figure 7.18) ,illustrate AC | BD,
AC bisects .~ BAD and .~ BCD; BD bisects .~ ABC
and .~ ADC.

Ilustration  Since quadrilateral ABCD is a lozenge,

AB = AD  (All the four sides of a lozenge are equal . }

In isosceles triangle ABD, BO = 0D ,

thus AC | BD , AC bisects . BAD .

Similarly, AC bisects .~ BCD ; BD bisects .~ ABRC and ~ADC .

(=) FEHHYH]E (Determination of Lozenges)
I A ¥ E EH 1(Determination 1)
PO ERARSE B LA T R A TR
The quadrilateral with four sides all equal is a lozenge.

= B H 2 2 3 2( Determination 2)

X R B IR E1 Y R R 2E .

The parallelogram with diagonals perpendicular to each other is a
lozenge .

7.8 B H,oABCD P, LR D
AC | BD (ZnlE 7.19). v)

RUE: —FABCD RZFH

iFBE.: - PO ABCD R¥4T 8

C
P ik F2
. OB = 0D B 7.19{Figure 7.1%)
M, - AC | BD,E|2R O
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AB = AD [ ABCD R,
Example 7.8 Given that,in 7 ABCD ,diagonals AC | BD (see figure
7.19} , illustrate /7 ABCD is a lozenge.
IHustration
Since quadrilateral ABCD is a parallelogram,
OB = 0D,
Also since AC | BD with the vertical base O ,
AB = AD.
Thus (7 ABCEL is a lozenge.

= EFG ¥ (Squares)

A —ABWHEFIIF AR T AEEMANTIT M IES
. Hig, EHERER —HEAHREFNEE, XEF -TARLE
ANZEE(INE 7.20). MUEFBRAAFHEBEAER, AN XRF
BRAMER. ,

. The parallelogram with a pair of adjacent sides equal and one angle a
right angle is called a sguare. Accordingly, a square is not only a
rectangle with a pair of adjacent sides equal but a lozenge with an angle a
right angle as well {see figure 7. 20). Therefore, a square has the
qualities of both a rectangle and a lozenge.

IE et BE 1 (Property 1)
EFEHEAREGRE A, WRDFAF.
All the four angles of a square are right angles and all its four sides

E AL R E # 2(Property 2)
IEFFERHFEANALES . FAERBEE YD, BRI ALT
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N |
EF MinHET E A
\ |

rectangle square
equal adjacen
- sides
= — A4 f R LA E5TE
lozenge 4 s
one angle quarc
15 right

B 7.20( Figure 7.20)
Gy —HLA A .

The two diagonals of a square are not only equal but vertical to and
‘bisect each other, as well, each diagonal bisecting a pair of oppuosite
langles . :
|
7 7.9 RIEEFEPEXIIMEE ‘ D
| IEFFHE 43 BT B4 55 1Y) 4 BB

HA=ME.
E50: Wi ABCD R EF, X
Mk AC.BDAHZZ T 203
B 7.21). B ¢
RiE: &ABO,ABCO, ACDO,
ADAC REFEMEME
R=A.

H 7.21{Figwre 7.21)
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e8] -
o PAIRZ ABCD B IE AT
AC = BD, AC | BD,
AQ = CO = BO = DG
(EFTEHIAIT ML F , FAEMETF )
DABO, &ABCO, ACDO, ADAC B REFEBEA=M
e, H DABO = &ABCO = & CDO = & DAC
Example 7.9  Hlustrate that the two diagonals of a square divide the
square into four congruent isosceles right triangles.
Given that the quadrilateral ABCD is a square with its diagonals AC
and BD intersecting at point O (see figure 7. 21), illustrate
DARO O BCO, &ACDO, A DAC are four congruent isosceles
right triangles.
Illustration Since quadrilateral ABCD is a square,
AC = BD, AC | BD, A0 = CO = BO = DO .
(The two diagonals of a square are equal and vertical to and
bisect each other. }
Thus &AROG, DSBCO, &S CHO, &5 DAO are all isosceles might
triangles and & ARG = D BCO = & COO = & DAOQ,

Wi SR ERFEASEVTNHE, B EMBEARREMN
By AT P T . IE O T AR BR AT IR , T H R 4B g
BAFER TR W BA — T ARE A NEREE .

Rectangles , lozenges and squares are all parallelograms, but they are
all parallelograms in special conditions. A square is not only a special
parallelogram, but a special rectangle with adjacent sides equal and &
special lozenge with one angle a right angle, as well.

257




§ 7.4 HH# ( Trapezoids)

P X 31 53 301 - 17 89 PUS T2 RSP T P90, Tt RA -3t i
FITHA — MR AT RESE (LA 7.22).

The quadrilateral in which two pairs of opposiie sides are parallel,
respectively, is a parallelogram, but there is another special quadrilateral
in which only a pair of opposite sides are parallel to each other. This
quadrilateral is called a trapezoid { see figure 7.22) .

‘ﬁﬁﬂ“ﬂ#ﬁh Aﬁegmﬁiﬁ/
ZHXt g s -3 A
3 —q Py s trapezoid

7.22{ Figure 7.22)

AT

quadrilateral

— & 3 ( Definitions )
A_E_p
— 2] 3 S Ar I B — S X A AT
P 7 v SR I (an @ 7.23) . PTG
o] et G B DB G SR 4 4 1 TR T il LS 3
BRI TR, R EFrumEanigeg 8 F C

R, IR A E N RN, il
' 7.23 BRI TE T, AD W K, BC
STFIE,AB . DC HIE . EF N8,
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Bl 7.23{ Figure 7.23)
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The quadrilateral in which one pair of opposite sides are parallel and
the other are not parallel is called a trapezoid (figure 7. 23). The
parallel sides are the bases of the trapezoid (usually the short one is
called the upper base and the long one the bottom base) ; the two sides
which are not parallel are called the waists of the trapezoid and the
perpendicular distance between the bases is called its altifude. As is
shown in figure 7.23, in the trapezoid, AD is the upper base, BC the
bottom one, both AB and DC are waists, and EF the altutude.

—RHHSEENRHERE
( Special Trapezoids and Their Properties)

—EEE TRASEMSEASE(E 7.24), HEHEH
BEIE i IR AR TR (A 7.25)

The trapezotd with one waist perpendicular to a base is called a
right-angled trapezoid (see figure 7.24); the trapezoid with two waists
equal is called an isosceles trapezoid (see figure 7.25)

A D A 4]
B C B L
PE 7.24( Figure 7.24) B 7.25(Figuee 7.25)

HAME MSESE S RIFHHIE(NE 7.26).
Right-angled trapezoids and isosceles trapezoids are both special
trapezoids (see figure 7.26) .
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B 7.26(Figure 7.26)

HERTEE R 2 M 1(Property 1)
EBRBIEER—IE W™ AHEE.
In an isosceles trapezoid, two angles on the same base are equal.

9 7.10 CTEL,WNME7.27, FEHIE ABCD Y, AD // BC, AB = DC.
j’kﬁE:LB = LC

ERE it DYEDE / AB,%E A o
BC F 4 E, 1835 ADEC. /
AD // BC, DE // AB /
AB = DE 5 Al )
AB = DC E
DE = DC, /1 = /C B 7.27(Figure 7.27)
S1=./8B . B=_/C

Example 7.10 Given that, in trapezoid ABCD (figure 7.27), AD //
BC, AB = DC, illustrate /' B = 2 C.
Mlustration Make DE // AB from point D , intersecting BC at
point £ and obtaining & DEC,
Since AD // BC, DE // AB, get AB = DE.
Since AB = DC,get DE = DC and /1 = 7 C.
Also since /1 = /B, /B = /C.
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2 T BB T M 7 52 48 2( Property 2)
FREBIE BIPISA 3T A ZR A SF
In an isosceles trapezoid, two diagonals are equal.

B17.11 BRL,ESE ABCD W, AD // BC,AB = DC(LEA 7.28)
RIE: AC = DB
WESH . EBRE ABCD B, A D
AB = DU
/ABC = /~ DCRB
(FEHIEER K L™
A AR 8 <
Moo BC=CB Bl 7.28( Figure 7.28)
OSARC — SN DCB
AC = DB
Example 7.11 Given that,in trapezoid ABCD ,AD // BC, AB = DC
{see figure 7.28), illustrate AC = DB .
Blustration In trapezoid ABCD , since AB = D( ,
2 ARC = L DCH .
(In a isosceles trapezoid, two angles on the same base are equal. )
Also since BC = CB, & ABC = A DCH,
Thus AC = DB.

= S REEA T T3 2 ( Determination of Trapezoids)

25 FE RS T B H 52 E B 1{ Determination 1)
7E 7] — i _E B B4~ M S B T R IR IE
The trapezoid with two angles equal on the same base is called an

isosceles trapezoid.
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L BT 89 ) 2 € B 2( Determination 2)

X AR AL RSB

The trapezoid with its diagonals equal is called an isosceles
trapezoid .

#7.12 BA,.EEE ARCD W ,AD // BC,AC = BD (FE7.29).

KiE: AB = DC.
iEBE: it X DYEDE // AC, 3% BCHY
R T B, gACED, B

AC = BD .. DE = BD

L1 = LE
s L2=L/E - Ll=JL2 B 7.29(Figwe 7.29)
% -+ AC = DB, BC = CB

AABC = ADCB .. AB = DC

Example7.12 Given that, in trapezoid ABCD, AD // BC,AC = BD
(see figure 7.29}. illustrate AR = DC.

Mustration Make PE // AC throngh point [} , intersecting the
extended line at point E o get /7ACED and thus
DE = AC .,

Since AC = BD , get DE = BD .

Thus 1 = L E.

Since 2 = /E , get L1=.2.

Also since AC = BB and BC = CB , get &ABC = SDCE.

Thus AB = DC.
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§7.5 FEH@RBEMACHEFAKRRBALNR
( Formmulas for Perimeters and Areas

of Special Quadrilaterals)

WmE 7. 30, BEFEHRAE o,

M. C = 4a, W A = .

As is shown in figure 7.30, let the length of
a square be a , then the perimeter C = 4¢ and
the area 4 = a” . B 7. 30( Figure 7.30)

— G { Rectangles)

mE 7.31, WHREEANKN o, KK b,
1

HERK € =2(a + b)

EREBH A = ab

As is shown in figure 7.31, let the short
side of a rectangle be a and the long side & , then
the perimeter of the reciangle € = 2(a + ) and & 7.31(Figure 7.31)

its area A = ab .

a

= CETiT ( Parallelograms )

WA 7.32, B PIirl M ka il e, b, @R A, H
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XM o(BiMm), Al

FEMATE MK Y € = 2(a 4 4 -2 o
B);s MRLA S = b B S = " a
absing. ®

As is shown in figure 7. 32, let E <

the lengths of the two pairs of the
opposite sides of a parallelogram be «
and & , respectively, the altitude & and one pair of the adjacent included
angles ¢ (acute angle} , then the perimeter of the parallelogram € = 2( «
+b);itsareaS = bAh  or S = absing .

Bl 7.32(Figure 7.32)

I, ¥ 7 { Lozenges)
M 7.33, RFBEDE N e, @A R, HAN ¢« BFITAE
SR d;, d,.
M. BIEEKD C = 4a, BRA
(1) A = ah
(2) A = @’ sing
d,d-

As is shown in hgure 7. 33,
let the length of a side of a lozenge
be a , the altitude % , the bwo

pairs of the diagonals with the acute B 7.33(Figre 7.33}
m]g]-e L2 are d[ and dz .
respectively .

Then, the perimeter of the lozenge € = 4a and its area:
(1) A = ah (2) 4 = azsin(p
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drds

(34 =4
_ TN T
H B ({ Trapezoids | b/ :\ \h
| A i
W 7.34, BB KR a,, Z i/ \

NN ax, BEGBA by, b,, TTT— gy ——
(=Pl WP
E‘E"ﬁ6= al+b]+ﬂ.2+bz
I
mAH A = 5 h
As is shown m figure 7.34, let the upper base of a trapezoid be a, ,

the bhottom base a, , the two waists are by and b, , respectively, the
altitude A& . Then,

perimeter & = @y + b, + a3 + by,

Bl 7.34(Figure 7.34)

) + @

area A = 2 z'h.

265



ENE & B #2 % iX ( Circle Graphs)

§ 8.1 EE#I:2 (Basic Concepts)
T Ei{mﬁniﬁﬂl'IS}

WME 8.1 iR, E—1TFEMN,
KB oA RTEEMEN O B — A
&, S — e A Bl 2 EEE BT B EY
BE T £ [ , B 5 B e s, O Y fTED
L, B oA i FERE, LS 0 FE
DR, I © o7, B H 07, 1 5. 1 (Figure 8. 1)

As 15 shown in figure 8.1, in a
plane, the graph in which line segment 0A revolves about its fixed
endpoint O to 360 is called a cirele. The fixed endpoint @ is called the
center and the segment OA is called the radius. The circle with point O

the center is written as “@ 0" ,read “circle O 7.

M FiEE X HH (From the definitions above, we can know) :
(1) B E&SBES(E.0 0) MEREHRETERGER r).

The distance from each point of a circle to a fixed point {center O )
equals a given length {called radius r }.

(2) MESHWERETREKAGHMER L.
All points at & given distance are on the circle.
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Hi, B P E A F T E
KA E s TE AT LRE
ZPEALHEE T HERSES
(B 82981 P ) BIRSIEEH LIE
FRAE.CH BB X FERALHE
B(E 2% Q /).

Therefore, a circle is the set of all

B 8.2( Figure 8.2)

points at a given distance from a fixed

point in a plane; the inside of a circle can be regarded as the set of all
points (point P in figure 8.2) from which the distance to the center are
less than the radius: the outside of a eircle can be regarded as the set of

all points (point @ in figure 8.2) from which the distance to the center
are preaier than the radius.

= . Blay2E R0 ( Chords and Arcs of Circles)

{—) 3 (Chords)
ZERE LA EW AR B 0

(4 8.3 b i CD). Bt BG4 B
B g3y AB) WMHBEE, ERETYE ¢
Felt 2 5. s

The segment joining any two points on
a circle is called a chord of the circle such
as segment CD in figure 8. 3. The chord

passing through the center of the circle ( AB in figure 8.3} is called the
diameter, which is twice the radius.

& 8.3(Figure 8.3)
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(=) SR (Ares)
B b T OB LR A R o oM B GIE , T RR A LA S T &

AL LL AL, B A% S W PEAEAR B HGE AB” 5 AB”
The curve bounded by two given points of a circle is called an arc of
gircle, simplified as an arc which is expressed in the symbol “—~". The

arc at endpoints 4 and B is written as AB , read “arc of circle AB "or
“arc AB”

DR 7 4 B — 4% . 122 19 P4 it L 40
B PRI, B — SRR e . K F
W M(A=ETFRR, 41H 8.4

HIBAC) WISERTE s /T2 [ 49 38 (P

AT, WA 8.4 T BC) MK
WM. R PO I R E TR P 8. 4(Figure 8.4)
=39
A diameter at any two endpoints divides a circle into two arcs, either
of which is called a half-circle. The arc greater than a half-circle

( expressed in three letters such as BAC in figure 8.4) is called a
pl.lpermrarcarﬂt}mt less than a half-circle (denoted by two letters,, such

psBCm figure 8.4) is called an inferior arc. The figure consisting of a
ichord and ils opposite arc is called a segment of a circle.

= .[@4>, ¥ E{ Concentric Circles, Equal Circles)
{—) B4 { Concentric Circles)

B FE VR, 202 43 1 4 25 4 351 B o A TE] o BB . AP 8. 5 TR A
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TERZL A 0 HECREL.GCE.
The two circles having a common center and unequal radii are called
concentric circles, such as the two circles in figure 8.5 which are the

concentric circles with point O the eenter.

P &.5(Figure 8.5) [ 8 _6{Figwe §.6)

(=) % # (Equal Circles)
REfE B A AY BT B Y B SR E 2 EFE. i
E 3.6/, 00 MO0, HEEZERET r HILENMNREMN-%H.
Two circles which can be coincident with each other are called equal
circles or two circles having equal radii are called equal circles. As is
shown in figure 8.6, the radii of & {}; and O O; are both equal to r , so
they are two equal circles.

FIE % B AREAS EREMER S, BEELHEGHN
i fECEE L

The radii of the same or equal circles are equal . In the same or equal
cirlces, the arcs which are coincident with each other are called equal
arcs.

g1 CH:WES.7,%#E OO0 F,AB.CD AHE.
*ik.AD // BC
WEH. %4 AC.BD, AB.CD A OO0 M1HEE.
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M 0A = 0B, OC = OD
PIHIE ADBC R¥FF7 M TE.
AD / BC
Example 8.1
Given that, in (@O in figure 8.7, AB
and €I are diameters, illustrate AD //
BC .
lilustration Join AC and BD .
AR and CD are the diameter of (O, % 8.7( Figure 8.7)
then OA = OB, OC = OD.
Therefore, quadrilateral ADBC is a parallelogram amnd A6} is parallel
to BC.

M.t =S M (A Circle Passing through Three Points}

FER—ELZ LR =1 A 8E T8, 2R —-&E&R L=

A REIER .

A circle can be determined by three points riot on one line, and a

circle cannot be made by three points passing through one line.
A

HERMH, 24 =/AK =TT
A LE—THE. & =AE& T\ Ak EH
. /. W= T R S T8, 21482 1E] R (3 A i
\_/ = AT #Ah s, 3 A = T 0 x>
BAE=HE. WE3.8hx, OO0 R
DABC WISV, B O F& D ABC 5

P 8.8(Figwre 8.8) o AABC R OO0 HREBESATE.
From the theorem above, a circle can be made by passing through
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three vertices of a triangle. The circle passing through three vertices of a
triangle is called a circumcirele of the triangle whose center is called the
circumcenter of the triangle and this triangle is called an inscribed
triample. As is shown in figure 8.8, circle O is the circumcircle of
triangle ABC whose center O is the circumcenter and triangle ABC is the
inscribed triangle of circle O .

B HA £ O ( Central Angles and
Chord-Center Moments)

(—) H+ 9 (Central Angles)

T30 A5 7E 1B 0 0 78 5 o O /R, 4
B.9F T a.

The angle with its vertex at the center
of a circle is called a central angle, such as
the angle ain figure 8.9,

B 8.9(Figme 8.9)

(=) %% ( Chord-Center Moments)

M BLCo BB B B P RS A 2R,
P 8.10 iy OM.

The distance from the center of a circle
to the chord is called a chord-center
Moment, such as OM in figure 8. 10,

¥ 8. 10{ Figire 8. 10}

7E [ [H 2k & B o, 40 25 G BO A Y
X S ARSE , BT X6 XA, B S AUSE B SR B AHEE L N 8. 10
K oM 5 oM.
In the same or equal circles, the opposite arcs having equal central
angles are equal and so are the opposite chords and the moments of chord
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and center, such as OM and OM' in figure 8.10.

#8.2 MmES8.1I, B ABRCD H
COMMEKER, K CE // AB,

EC % 40,5k . BOD Wi,
. &% OF,

EC By BEHCy 40
ZSCOE = 40, € =70
AB // EC
S BOC = /C =70
- SBOD = 110
Example 8.2 In figure 8. 11, given that AB and CD are two diameters

B 8. §1( Figure 8.11)

of circle O ,chord CE is parallel to chord AB and EC is
40, find the degree of angle BOD .
Solution  Join OF ,

Sinceffz‘ in degree is 40, .~ COE 40, € =70.
Since AB // EC, ~/BOC = ~C = 70.
Therefore, ..~ BOD = 110F.

75+ M A f { Circumferential Angles)

TH & 7E R L, 3 B 2 %0 FA A 22 69 o i AR A

‘The angle whose vertex is on a circle with both sides intersecting the
circle is called a circumferential angle .

(—) BA M5 MO f1f %X F (Relationship between a
Circomferential Angle and a Certral Angle)
— S B ot i B B A 4 T B e BLCo A B — 24 A0 8. 12
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P, BC B A BB A < BOC, B A ~ BAC.
The circumferential angle opposite an arc equals half its opposite
central angle. For example, in figure 8. 12, the central angle opposite

EE' is /" BOC and the circumferential angle is .~ BAC.

8.12( Figure 8.12)

1. B 8.12Q1) &, & .. 0 7 ~ BAC B —#&# k.
In figure 8.12{1), the center { is on one side of angle BAC.
04 = OC, 2 C = ~BAC, ~BOC = /BAC + /2 C,

 BAC = %43@0.

2. B8.12(2) & ,BE.L OF ~ BACBINER,fEEH& AD, FIFH 1 B4

E’ﬁ
In figure 8.12(2), the center O is inside angle BAC . Make radius

AD and use the result of 1 to get
~ BAD = %LBOD, /' DAC = %41}0{:

/ BAD + / DAC = %(4301} + /DOC)

 BAC = %430(;
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3. AR 12(3) P, B0 OTFE ~ BAC AN fEEHAE AD, P 1 U4
RE

In figure 8. 12(3), the center O is outside angle BAC . Make radius
Al and use the result of 1 10 get

_ DAB = %4903, ' DAC = %LDUC

' DAC — / DAB = %(LDGC — / DOB)

 BAC = %43@::

f 8.3 INE 8.13, OA.OB.OC &
OYeN:E o =
L AOB = 2./ BOC
RUE: < ACB = 2. BAC
1EBH .

L ACB = %AAOB

E 8.13( Figure 8.13)

 BAC = %L BOC

2 A0B = 2 BOC .. 2L ACB = 2/ BAC
'Example 8.3 As is shown in {figure 8.13, 04 .08 ., OC are all the radii
of circle O , ZAOB = 2.7 BOC.
Nustrate .~ ACB = 2.~ BAC.

Ulustration .~ ACB = %LAOB,

/ BAC = —é—LBDC, _/AOB = 2./ BOC.
Therefore, .~ ACB = 2./ BAC.

(—) #it (Deduction)

1. s SEMprdE R AHES RREER S, HEFaE A
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ARt AE %, e 814 Fr =, @ —

%ULAB B3 M S AC,B = L AC,B
= ~ZAC;B. Circumferential angles
opposite the same or equal arcs are equal ;
in the same or equal circles. the arcs
opposite equal circumferential angles are
equal, too. In the case of figure 8. 14, the

—_ A 8. 14(Figure 8.14)
angles opposite the same arc AR are

ZAC\B = JACB = SZACB.

2. ¥E(RER)FXNWERAREA ;0 HEEAAXHERREE
#®, W 8.15 B
CJACIB = ZAC,B = S AC;B = 90

The circumferential angle opposite a
hali-circle or a diameter is a right angle; the A
chord opposite a circumferential angle of 907

is a diameter, such as in figure 8.15.
ZACYB = L AC,B = S ACB = 9

B 8.15( Figure 8.15)

H 8.4 HIE 8. 16,7 OO %, 4% AB % 10 em, 3% AC % 6 om,
2 ACB BIF4r4832 @0 T D, BC.AD 1 BD 1.

. - AB HE® . SACB = ZADB =9
TE RS ACE P,
BC =~ AB® — AC? = vV 1? -6 = 8 (em)
CD P4 ~ACB
AD - BD .. AD = BD
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EEEEHA AT ADB P,

Ly
AD = BD = “2ap / \
=J_2_‘.‘2)(10=5\"§{Cﬂ1} A A
Example 8.4 In figure 8.16, given that,
in circle €7 , diameter AB is
10 cm, chord AC is 6 em, D

and the bisector of angle B 8. 16( Figure §.16)
ACB intersects circle O at

point I ,find the lengths of BC , AD and BD .
Solution Since AR is the diameter, .~ ACB = ~ADB = 90 .
In right triangle ACE
BC = v AB? — AC? = v 10F - 6 = 8 (cm).

r——

Since CI} bisects angle ACH , AD = BD,
Therefore, AD = BD.
In the isosceles right thangle ADEB,

QAB = {2 x 10 = 542 (em).

AD:QD:Z )

4+ . B A9 P9 30 i3 ¥ ( Inscribed Quadrilaterals )

R —~ 1030 B B R TR A BB AE R — - B L, XA PR5A M
& R PR AT, X 1 B X I a ah e, tn B8 8. 17 BN
Fi SN

If all the vertices of a guadrilateral are in the same circle, the
quadrilateral is called an inscribed quadrilateral of a circle and the
" circle is called a circumscribed circle of the quadrilateral, such as in
figure 8.17.
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W B PR B2 PU R T 3 # = kb, 3 B AE

o] —A~ S BV TR N A
The opposite angles of an inscribed
quadrilateral of a circle are supplementary and

any exterior angle equals its interior opposite

angle .

P 8.17( Figure 8.17)

8.5 #E8.18, ©COMOO,HEL A BYVE , Eidm ANE
BCD SO, FTFHC,500,ZTFTAD. B2l BW
HEREFS5 OO, XFHAESQCO0,XTHAF.

SRiE: CE // DF.
HEBH . %S AB.
- ABEC & @0, WAEMAIE

2 BAD = K,

ADFB B 0, HINENRIE B 8. 18(Figure 8.18)
~ BAD + ALF = 180,
LE + ZF = 180
.. CE // DF
Example 8.5 As is shown in figure 8.18, both circle 0, and circle O,
cross points A and B; line €D passing through point A
intersects circle €4 at point € and intersects circle O at
point 1. Line EF passing through point B intersects circle
0, at point K and intersects circle O3 at point F.
Nustrate CE /4 DF.
Mustration  Join AB .
Since AREC is an inscribed quadrilateral of circle O,
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ZBAD = /E.
Also since ADFB is an inscribed quadrilateral of circle 0, ,

O BAD + S F =180 . And S E + . F = 180 .
Therefore, CE // DF .

§8.2 EHE£MEREEBMERNACAERE
( Relationship of Position between a Line and a
Circle and between One Circle and Another)

— HEHEKNEXER
{ Relationship of Position between a Line and a Cirde)

HASEA=MARMMCERXHK(IE 8.19 ras).
There are three different relationships of position between a line and
a circle (see figure 8.19) .

1. EERFEAG - AR, Bk FREMEZEGNE 8.19(1)),
A AR W i R o BUEE: -

If there are two common peints between a line and a circle, the line
and the circle are said 1o be intersected (see figure 8.19(1)), where the
line is called a secant of the circle.

2. F£RAN[EA o 253k ST ALK ME AT (m A 8.19(2)),
3 HRh B 2% IR BRI ER | o — A A JE s iDL
If there is only one common point hetween a line and a circle, the
line is tangent to the circle (see figure 8. 19(2)), where the line is
called a tangent line of the circle and the common point is called a
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tangent point.

ORONO)

1> (2 (3

B 8. 19(Figure 8.19)

3. HEMBEIBRA AL Ar, M ELMEEE(GE 8.19(3)).
If there is no common point between a line and a circle, the line and

the circle are separated { see figure 8.19(3)).

MIEEHL SEHAZ HD HENEXL . FEHFH, MR OO
REEN e, BL 0 BIEKINEBER N R4

In temms of the definitions of intersection, tangency and separation
between a line and a circle. it is easy to find that if the radius of a circle
is r and the distance from center O w line [ is & , then

(DELKLIMOQOHMHIE,M 4 < r.

If line I and circle ) are intersected, then d < r.
(2) HE I ft @ o HYI, N 2 = r.

If line { and circle € are tangent, then d = r.
(3 HHXIRQOMHE, ML > r.

If line { and circle @ are separated,then & > r.

W86 EHRAZAE ABCH ,/C =% ,AC =3 em,BC = 4em,
BLCREBELL, r AEREABSABH EREMMMEBEXRR? A
2.7
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(1) r=2cm {(2)r=2.4em 3)r =3 cm

B B
? A @A
£2> C3)

K& 8. 20{ Figure 8.20)

(1>

. S CH¥cCD | AB, RN D{(E 8.20), EEHEA =AK
ABC H,
AB = vV ACP + B2 =/ 3 + 42 = 5
B =AM RS A
Ch - AB = AC - BC

AC - BC 34
ch = 1B = =3 = 2.4 {cm)

BIE.L C BIAB R d = 2.4 cm.
(1) Y r = 2em B (NEB.200(1)),d > r, OC 5EHEKAB HH

[

(2> %M r=2.4em BF(INE8.202)), 8 d =r, OC HH&
).

(3) Yr=3emif(NES8.20(3)),Hd <r, OCHHELAB
A AZ.

Example 8.6 In right angle ABC, /C = 90" , AC =3 em, BC =4
cm and C is the center. What about the relationship of
position between the circle at radius r and line AB ?
Why?
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(1) r =2cm, (2)r=2.4em, (3)r =3 em.
Solution Make CD | AB through point € with D the perpendicular
base (see figure 8.20). In right triangle ARC ,
AB = v AC* + BC? = /3 + 4 = 5.
In terms of the area formula of a triangle, get
CD «- AB = AC - BC,

AC « BC Ix4
1B = g =2.4 {cm}.

That is, the distance from center € to line AR is d =2.4 em.

(1) When r =2 em., d > r, and circle € and line AB are
separated (see figure 8.20(1)})

(2) When r =2.4 em, d = r, and circle € and line AB are
tangent (see figure 8.20(2)).

(3) When r =3 em, 4 <« r, and circle € and line AB are
intersected {see figure 8.20(3)).

Thus €D =

— . PIER BRIt R

(Tangent Lines and Properties)

(—) Basinek

( Tangent Lines of a Circle)
B Y BNIEIFHEET X A :

FLFENEHRLERNMME /£ @O F B 8.21(Figure 8.21)
(fnfE 8.21), & ¥ 0A K3 A

A EEE I | OAUEL O BIHEK ! NIEESET¥ &2, MELR !
5 & — sz 1.

The line passing through the outside end of a radius and is

perpendicular to the radius is a tangent line of a circle.  As is shown in
figure 8.21,in circle O , make line { perpendicular to OA through the
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vutside endpoint 4 of the vadius 04 , and then the distance from circle O
to line { equals radius r , so that line { must be tangent to the ecircle.

8.7 BA.HK AB LT ©0 H&C,HE
0A = OB,CA = CB(H 8.22).
RIE: HE AB B ©0 M4,
WY EE oc.
OA = OB, CA = (B
OC REIE =T 0AB K
AB BRI
AB | OC A B
(A& AB 23112 0C M1 5 5w B8 8.22( Fignwe 8.22)
C,HHEHTHFHE OC, L, AB
& ©0 W)
Example 8.7 Given that line AB passes through point C of circle O ,
and 0A = OB, CA = CB (see figure 8_22), illustrate
that line AB is a tangent line of cirele O .
Nlustration Join OC.
Since 04 = OB, CA = €CB, OC is a mid-line on the base side AB
of isosceles triangle OAB ,
So AB | OC.
Since line AB passes through the ouiside endpoimt € of mdius OC
and is perpendicular to the radius OC,AB is the tangent line of

circle € .

(=) 1486914 R ( Properties of Tangent Lines)
B & YI2RE E Fad a1,
A tangent line of a circle is perpendicular to the radius through the
tangent point .
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i 1(Deduection 1}

SR A TR E St .

The line passing through the center of a circle and perpendicular to a
tangent line is bound to pass through the tangent point.

HE i 2 ( Beduction 2 )

gt S BEHE TR HELLES R

The line passing through the tangent point and perpendicular to the
tangent line is hound to pass through the center of a circle.

=. = HEMATYE( The Inscribed Circle of a Triangle)

S=fEau#ANnE Mg =AEARTIE, RYESE
LI = T B P o, 3 A = .
WERISMIZ AR (E 8.23).

The circle tangent to all the sides of
a triangle is called the inscribed circle of
a triangle whose cenler is called the B
incenter of the triangle, and the triangle
is called the circumscribed triamgle of P 8.23(Figure 8.23)
the circle (see figure 8.23) .

ML B DFADHEMEE BRAATE. X150
T i R S U & AT

The circle tangent to the sides of a polygon is called the inscribed
circle of a polygon. This polygon is called the circumseribed polygon of
the circle.
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M., EFEHaREXR
( Relationship of Position between Two Circles )

TE-E N, PR AT 2 3 A] L3S B AT JLFF A [ B B 6 &
(FE 8.24).
In a plane, the relative movement of two circles may bring about the

following different relationships (see figure 8.24)

(—) PB4 E { Outer Separation)
WARESEARAEAFAESTRA S EES — T RIASER
By, A P B SN ES (E 8.2401)). '
If there is no common point between two circles and the points of one
ciflee is outside the other, these two circles are said to be separated {see
figure 8.24(1) ).

(=) FE ST Outer Tangency)

WA BEAME AL IFEHR TR TSR UM, BB E
M S ARTE SR — T B R SR, R G v - B A0 (B 8.24(2)),3X
A ME— B9 2 3 a0 s

If two circles have a common point, and besides the common point,
the points of one circle are outside the other, we say that these two circles
are circumscribed (see figure 8.24(2)) and the only common point is
called a tangent point.

(=) 75H48 3 (Intersection)
WA B A T A SRR A, MAGX A B AL (A 8.24(3)).
If two circles have two common points, we say that the two circles are
intersected { see figure 8.24(3)).
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(Ho o

3) 1)
3 (6)

B 8.24( Figure 8.24)

(M) 7B A1) (Inner Tangency)

RAEA MR AILRLHFABRT X TAHA LS, — T ELE
1 RERE S — TR RN ERRT , i SGX B BT (E8.24(4)) , 31X
A~ ME— B 2> Fe A U AR

PR~ 8] #h G0 F0 P AT G BR D P 1B AE 3

Two circles have only one common point, and besides this common
point, the points of a circle are all inside the other circle, we say that
these two circles are inscribed (see figure 6.24(4)) and this common
point is called the tangent point.

Both being circumscribed and inscribed for two circles are called two
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circles being tangent.

(£} ®BEAZF (Inclusion)

P B RA AR, B — 4B LW SE8TE S B P ES
i, MY fias PRI 1 O & (L 8.24(5)) . WiRIE].C R E N & - — B
58 (E 8.24(6) .

Two circles have no common point and the points of one cirele are
inside the other circle, we say that these two circles are inclusive (figure
8.24(5)). It is a special case of the inclusion for two circles to have a
common center { see figure 8.24(6) ).

LMEEREMERE e, AENNEERSHEER.OCHERE
CELGEE) M KA 2%, IR IR RSB R Al BB 4,884

(1) WEE, W d > R+ r.

(2) PREIZPI, 0 d = R + 1.

B WEHFZ, MR -—rcd<« R+r{Rz=r).

(H) WERAD, M d = R-r (R > r).

SYWmEAE,Md <« R-r (R > 1)

When two cirdees have fixed radii, the relationship of position
ibetween two circles is relevant to the distance between the centers of two
wcircles { central distance). Let the radii of two circles be R and r ,
respectively, and their ceniral distance be & , then

{1) H two circles are separated,thend > R + 7.

(2) I two circles are circumscribed,thend = R + r.

(3} If two circles are intersected,

thenR—-r<d < R+r(Rz=r).
(4) H two circles are inscribed,then d = R — r (R > r).
(5) T two circles are inclusive,then d < R — r (R > 7).
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fAlg.8 ANE 8.25, QO M¥FE NS em, A P& OO Hh—4&,
OP = 8 em.
(DU PRELDMEOPES @O,/ OPHEREE

77

(DU PHELECOPS QOoRY . XKE OPREERE /7

% -

(NFOOH5 OPITHA,

M PA = OP — OA

PA = 3 em -
~p)

(DB COEOPATTER "\ 0 )

B,
PB = OP + OB
PB = 13 cm

B 8.25( Figure 8.25)

Example 8.8 In figure 8.25, the radius of circle O is 5 cm, point P is a
peint outside circle O ,
OF = 8 cm.
Find (1)} the radius of the small circle P by making circle P and
circle O circumscribed with P the center.
(2} the radius of the large circle P by making circle P and
circle O inseribed with P the center.
Solution
(1) Let circle @ and circle P be circumscribed at point 4 ,
thenP4 = OP — OA. Therefore, PA =3 cm.
(2} Let circle @ and circle P be inscribed at point B ,then PB =
OF + OB. Therefore, PB =13 cm.
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1 WW‘ [ T e ] £ v T T T—— T T T - -

3. P E B2 E1 4% { Common Tangent Lines of Two Circles)

R 4~ [0 &R AE LT ey B 2K, ] 8 R B ) v B R . W - B FE A DI ER
735 i, X RE R D gk i Sh P18 (B 8.26(1) ) A A RTEA Y
RT3 I X EER A DI IR tlZk(E 8.26(2)) . AWEL K™
A0 5 B EE B Y B2 BT R K

Lines tangent to two circles are called the common tangents of the
two circles. When two circles are on the same side of their common
tangeni lines, the langeni lines are called exterior common tangent
lines (figure 8.26(1)); when two circles are on the two sides of their
common tangents , the tangent lines are called imterior common tangent
lines (figure 8.26(2)). The distance between two tangent poins of a
common tangent iz called the length of the common tangent line.

2)

FE 8.26( Figure 8.26)

233




il 8.9 WHE 8.27, &2 0.
@O0, B2EZFSTHHN 2 cm
17 em, E.GEE 0,0, =
13cm, ABRE: ©0,.20,
) FAVI2E , US43 ) &
A.B.
K ATIZE K AB.
WE: HEH O04.0:B, 1
A | AB, 0B [ AB. X O, ¥FO,C | O,B,FERH
C, MR 0,ABC HEX , TR-A
0C L €Oy, O,C = AB,O,4 = CB
£ Rt~ 0,00, P,
G105 = 13, 0,C = O, B - 0,4 = 5

0,C =+ 13 -5 = 12 {em)
c. AR = 12 em
B B e PR AL, B — &SP E 2 12 em.

Example 8.9 Given that the radii of circle @ and circle (); are 2 ecm
and 7 c¢m, respectively, central distance 0,0, = 13 cm,

B 8.27(Figure 8.27)

and AB is an exterior common tangent line of circle O,
and circle O, with their tangent points A and B,
respectively (see figure 8.27).

Find the length of the common tangent line AB |

Solution

Join O(A and O, B ,then 0,4 | AB, O,B | AB . Make O, C _|_

O, B by passing through point O, at the perpendicular base C , and

then the quadrilateral 0; ABC is a rectangle, so that

o C L CO,, 000 = AB,OA = CB.
In nght angle O, C0,, 05 = 13 cm,
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O;C = OgB -— O’]A = 5, we obtain

0,C = VIR _ 5 =12 (em).
Thus AB =12 em.
From the symnmetry of circles, the lengih of the other exterior common
tangent line iz also 12 em.

§ 8.3 BB XitH (Operation of Circles)

— . [H A F09 45 ( Length of Circomference and Arc Length)

(—) A4 (Length of Circumference}
BEE C 5¥ER ZEAE T HAIKE:
C = 2aR
XHE o =3.14159-, XA TRATEF MR E AR,
The lengih of circumference € and radius R have the relationship as

follows
C = 2nR.
Here, & = 3. 14159 -, where 7 is a transcendental irrational
number, called the ratio of circomference of a circle to its diameter.

(=) ¥4 (Arc Length)
360 WEDABATBMERBRBREBEK C = 2zR, U T

[0 £ B B0 46 R 2ZR pnZR o mrar ey R mEP,

360 180°
n LG BRI T A A
; - nmR
180
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Since the length of an arc opposite its central angle in degree of 360"
is the length of circumference with € = 2xR, the length of an arc

opposite its central angle in degree of 1’ is 2—3% , that is {'r"g% . Thus we

can get,in a circle with radius R, the formula for the length of an arc {
opposite its central angle in degree of n” as follows

.{—M
= a0 -

fl 8.10 HiE 8.28 fr/n, EHIBEIFHMSMNE R C, = 250 em. N HE
JAK €, = 150 em,REIFHRE JOFTHB] 1 mm).
fif: WHENEERS R ,.HAREBIEERN R,,
W & =R, - R;

250 _ 125
RI:ZTL’_TT
150 _ 75
Rz:Zﬂ'_:‘r
r T

Example 8.10 Given that, in figure 8.28, the
length of circumference of the B 8.28(Figure 8.28)
outside circle of the ring is €y =250 em and that of the
inside circle is €5 = 150 cm, find the width of the ring
d { accurate within 1 mm) .
Solution Given that the radius of the outside circle is R and that of
the inside circle is R+, then

d = R — R».
Since
250 _ 125 _ 150 _ 75
Rl:Z:r_:"r and szzﬂ_—ﬂ:
d =£5—-L5m15.9 {cm).
T T
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—. B.H.SEATE®
(Areas of a Circle, Sector and Segment of Circle)

(—) MR (Area of a Circle)
REB S AR ZEE T HXFR:
S = nR?
The area of circle S and the radins R have the relationship as

follows

S = xRZ.

(=) FEFEE*( Area of an Arc)

— S AR B 20 5 2R I B ot 1) PR A B 42 T 4B R B LT Y i B
I .

A portion of a circle bounded by two radii of the circle and one of
the arcs which they intersect is called a sector of a cirlce.

EEER R WP, BAhE AR
360 WBTEHAMEREES = »R, FF

BUE AR T RS R e
Mwfzh R BB (E 8.29), B MK o

R EANTTE LA,
Smw = 3%)::11?2 B 8.29( Figure 8.29)

. nR nR? .\ 1,
TRW, BEHEK = 2R gpEnEE ausmg

nrR qowi _ 1
180 RFRLA, 83| Sgp = 5 IR.

In a circle with radius B , since the area of a sector whose central
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angle is 360 is the area of the circle § = xR2, the area of a sector whaose
2

360 °
figure 8. 29), the area of a sector whose central angle is n’ ecan be

central angle is 1” is Accordingly, in a circle with its radius R { see

expressed in the following fonmula

_ 2
S ootor = 360#R .

In addition, since the length of arc of a sectr I = HT%{ and the area

naR> ) 1  nR 1
of a sector 360 °on be written as 5 " 180 R , weget S.iox = > iR.

#8.11 BH.E=AEHHIEKHNe,K A

2 60 P 11 [ 15 414 1) 26 i 4 »
B E R 8.30). )‘
e IE T AR ) I
BARIH Ror, WEHY S, Ss.

S=5, -5 = R — r? FEl &.30( Figure 8.30)
=?T(Rz—r2)
2 2
3 : e} _ & | B L S
R—‘"—(z)"‘4 noS=ge

Example 8.11 Given that tha length of one side of an equilateral triangle
is @ , find the area of the ring consisting of an inscribed
circle and a circumscribed one (see figure 8.30).
Solution Let the radii of the circumscribed and inscnbed circles be
R and r , respectively, and their areas are S, and S;.
S =35,-8 = aR? - nr? = n{R?* - ).

2
Sil‘l{:&Rz—i‘j:(%) =%,S=%ﬂ.2.
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8.12 INE 8.31, MW IE =
ABC K Fa. 785U

A.B.C ﬁz@m,mg g 2
ZHE AT TR 0,.0,,
05, K 0,0,. 0205, 0,0
BELRE B AR S(E i

SRR 7 8.31( Figure 8.31)
. 8 = Sasgc — 3Smpi0.0

173
S 143 V3
\ 2

a

60”( ZJ a’

SE%"GI”! = 360 = 24
v‘?- 2 3T 2 z“f'r__-g’___—"f 2

5 = 4a — 94 % = g a

Example 8.12 In figure 8.31, given that the length of one side of an
equilateral triangle ABC is ¢, A, B and C are used as
central points, respectively, and the circles with radii -g-
are tangent at points O, (5 and O3, find the area S of
the figure su:munded bjf 0102, 0203 and 0301 (the
shadow of figure 8.31).

Solution S = Saasse — 35w AB,0, -

1
S&m:ia 2&-:?“,

Ssectur.-'iﬂlﬂs = T = E’
'I'hereforeS =§62—%62 =2'_J_38_'ia2
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(=) SEEIH ( Area of Segment of a Circle)
ME R, 3271 H, BB 04mB WEIFLL K & 0AB W EHITH

MR AT DB S B AmB AT, R 8.32(1) 1, B AmB 1
BT, X Sqg = Sap - Saows; BE8.3212Q)H,5
AnB FIE B KT EEAMAEMH, EBFSsp = Sgm + Sama &
8.32(3) W, B AmB MHEMETHEMEH, Xl Sz =
1

ES[@}.
———, T T T
!// \\ ;7 . I
o A B
m r‘
(1) 2) (3

B 8.32(Figure 8.32)

From figure 8.32, by working out the area of sector 0Am#E and that
of equilateral triangle OAB , we can get the area of segment of a chcle
AmB . As shown in figure 8.32(1), the area of segment of a circle AmB
is less than the halcircle, when S.qment = Ssector = S04 + in figure 8.

32(2),the area of segment AmB is greater than that of its halfcircle, when

equals the area of the halfcircle, when S men = —;— Secircle -

B18.13 APHBEMAREBHKEREREREO0 6m, HFKE
O0.3m. REE LAKKZHEEE.
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. WA 8.33,.7f 0o, s
OA.OB, 1E5% AB I EHF

S, BREKN D,XTAB T 5
C.
OA = 0.6, DC = 0.3
. 0D = 0.6 — 0.3 = 0.3,
SAO0D = 60°, AD = 0.33
* Samacas = Smwows — Sooan

SEmosce = %(0.6}2 = 0.127 {m®)

S Ao = %AB . 0D = % < 0.63 x 0.3 = 0.093 (m?)

Szmace = 0.120 — 0,093 =~ 0.22 (m?).
% B L HEAKASIBEEEN 0.22 o,
Example 8.13 The radius of a section of a cylindrical drainage pipe
placed horizomally is 0.6 m, of which the altitude to
the water suface is 0.3 m. Find the area of the segiment

B 8.33( Figure 8.33)

containing water on the section.
Solution M circle ¢ shown in figure €. 33, join 04 and OB ,
make the perpendicular bisector of chord AR with the

perpendicular base I} and intersect AR at point C.
Since 04 = 0.6, DC = 0.3, 0D = 0.6 -0.3 =0.3,
L AOD = &0, AD = 0.373.

Thus Ssegmemﬁﬂﬂ = Suctor 01c8 -~ Sooan»

SaecturOACB = %(0-6)2 = 0- 12x (nlz):
1

Saowm = —;—AB - 0D = 5 x0.6¥3 x0.3 = 0.09¥3 (m?).

Thus Syegmem ace = 0. 127 — 0.0943 = 0.22 (n?).
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Flg.14 CH.0HEB.34,00 WER

Answer The area of segment with water on the section is 0.22 .

AR,HiZ AB ' CD,LA BN
Bl.Co, B BC 25242 4ECED.

. CED HCAD B H & A
W ACED B iH S.

. S8 = *%J‘I‘Rz - Samorp & 8.34(Figure 8.34)
M o Sewmcep = Swmscep — Sapo
W0x(BCY R
Sgmacen = %l = %(&R)Z = "TT
S&HGH = —%' - ZR - R = Rz
: “__R2 pid 2 _ g2
S = 2~ o + R =R

Example 8.14 Given that, in figure 8.34, the radius of circle @ is R ,

diameter AB | €D, and make CED with B the center
and BC the radius, find the area S of the moon-shaped

|

ACED surrounded by CED and CAD.

Solution
Since S = 3 7R? — Sucgem c5D
and also
S eecgment CED = Ssector BCED — S ABCD »
Wr(BC)? =n 2 _ nR?
SsaclOrB'CED = 360 = 4{J§R) = 5
Since S‘ﬁBﬂD = % 2R+« R = sz
R AR o g
S = 2 —_ 2 -+ R = R .

297




SEAE =@ EF B FRIE(Space Graphs)

§9.1 % MH1E(Polyhedrons)

— K (Prisms )

{(—) T E( Concepts of Prisms)

AT mE AT, KHagSmEsE ™A, S84 m
e B 2 W T A AT, dy axX e BT B AL G L AT R T ] s A
W 9.1 Fros & B a8Ee: .

A prism is a polyhedron with twe congruent parallel faces and whose
other faces are quadrilaterals with the common sides of every two adjacent

quadrilaterals parallel to each other. As is shown in figure 9. 1, all the
figures are prisms.

Y d= Al

E 9.1(Figure 9.1)

GREE 9. 2 A, BT AR VA7 50 I Y R EE R R T, K AR & T
oy A AR A RO W . o - I TR B 4% 36 0 M AR R B OU s, O T S RS
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{1 A A TS Y e R TR o, S TE A — 1~ T B A PR -1~ TR A R T
2e mj tisE R X3 Fa gk, v T IS TR I BE A W AR R G . Bl 9.2 A
BT AR RIERE, 2P ABCDE A B'CU'E RIEH , WK ABB'A,
BCC'B *F R, A'A,B'B SF R, H'H
2.

As is shown in figure 9.2, two congruent and
parallel faces are called bases of a prism and
other faces are called lateral faces. The
intersections of lateral faces are called lateral
edges and the common vertices joining lateral
faces and bases are called vertices. Any line
segment joining two vertices that do not lie on the
same face or base is called the diagomal of the prism and the
perpendicular distance between the two bases is called the altitade. Asis
shown in figure 9.2, in the prism, polyhedrons ABCDE and A'B'C'D'E’
are the bases, quadrilaterals ABB’A’, BCC' B’ ,etc., are lateral faces,
A'A,B'B , etc., are lateral edges, H'H is the altitude.

# 9.2( Figure 9.2)

AL M R R & T AR AR R, I 9.2 Fim MAEH
T A ABCDE —~ A'B'C'D'E’, RIS — &34 M2k oin I PR1
FERRR, BlINAERE AC.

A prism is expressed in letters representing each vertex of bases. For
instance, the prism in figure 9. 2 is written as prosm ABCDE -
A’B'C’'D'E’ , or in two letters representing the endpoints of & diagonal,
such as prism AC" .

0B 7 2 BT RS T AR A i Al s e (i 9.3(1)) , it
& pAsE ] B s (B 9.3(2)); IEB R EEREMNE
AR S IES A (NE 9.3(3) .
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The prism whose lateral edges are not perpendicular to the bases is
called a slant prism (see figure 9.3(1)}) and the prism whose laterai
edges are perpendicular to the bases is called a right prism {see figure
9.3(2)). The right prism with it1s base a regular polygon is called a
regular prism (see figure 9.3(3)).

(2) (3}
B8 9.3{Figure 9.3)

BEEAEmEA LR = A, mAR, AAE, - RAHEXHE
Bt R =8 (E 9.3(1)  MEEE(E 9.3(2)) . ARE
(E 9.3(3)).

The bases of a prism can be a triangle,a quadrilateral, a pentagon,
letc. » and we call these prisms a triangular prism (figure 9.3(1)),a
iquadrangular prism (figure 9.3(2))} and a pentagonal prism (figure
9.3(3)).

82 HE B JIR ( Properties of a Prism)
(1) PeEEBAR S M 2T AT
The laterai edges are equal and the lateral faces are pamllel
quadrilaterals.
(2) FAEESFT TREOMRERFHBANE.
Two bases and the intersections pamllel to the bases are congruent
quadrilaterals.
300




(3) LR A0 4E B9 A I 82 A 8 T 2 47 ML .
The intersections passing through two lateral edges which are not
adjacent are parallel quadrilaterals.

(=) 7 (Rectangular Solids}
K52 g s R gR s e .
A rectangular solid is a special case of a quadrangular prism.

JEE TG 2 47 P A T2 B D0 i oY SR AT AN T R (1 9.4(1)) . {8l
B 5 EE H AT @R S EFEITAEE(E 9.4(2)) . JKH
REBHE T NEEEICHE(E 9.4(3)) . EMHEFHEK
FEMEIERE(E 9.4(4)).

(13 (2) (3) (4)
9.4(Figure 9.4)

The quadrangular prism with bases parallel quadrilaterals is called a
parailel hexahedron (figure 9.4(1)). The parallel hexahedron with
lateral edges perpendicular to bases is called a right parallel hexahedson
{figure 9. 4 (2)). The right parallel hexahedron whose bases are
rectangles is called a rectangular solid (figire 9. 4 (3)). The
rectangular solid whose lateral edges are all equal is called a tetragonal
solid (figure 9.4(4)).
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£ ( Theorem)

KA —FUAKKHEFRETF -THLS L=ZFBEHTH
M.

The square of length of a diagonal in a rectangular solid equals the
sum of square of the lengths of three lateral edges at a vertex.

#lo.l1 BHMKIHEAC ,B'DE—
FMAZL(E.5).
SKUE
B'D?> = AB”> 4+ BC? 4 BB'*?
UEER - #E45 BD.
B'B | BD B 9.5( Figure 9.5)
B'D? = BD? + BR'*?
X - BD?> = AB? + AD? = AB? + BC?
.. BD?> = AB® + BC? + BBR'?
Example 9.1 Civen that, in rectangular solid AC" , B’} is a diagonal
(figure 9.5), illustrate B’D? = AB® + BC® + BB'2.
Mustration Join BIY .
Since BB | BD, B'D*> = BD* + BB'?.
Also since BD® = AB? + AD? = AB? + BC?,
B'D? = AB® + BC* + BB,

{=) B M EF ( Lateral Area of a Right Prism)

BN ERAEEE(H.6), XTHENKSTHE
HEEAK C,.RETHEESEME A, hItaT LIS 3Im T 3.
MEEESFMNEERKE C,8& ».BAaEHNEEHEE

Sawam = Ch
BReEES TN ERSEREEERMA.
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The expanded graph of lateral
sides of a right prism is a rectangle
whose length equals the pedmeter C
of the base of the right prism (see
figure 9.6}, and whose width equals
the altitude A of the right prism, from
which we can get the following

9.6( Figure 9.6)

theorem
If the perimeter of the base of a right prism is C and the altitude & ,
then its lateral area is

Stateral ares = Ch.

The whole area of a prism equals the sum of lateral area and two
base area.

— 5 (Pyramids)
(—) #esEpY#E% 3 ( Concepts of Pyramids)

A-THEHEEZHE, HAS@WEE— 1T
ARDARH=MAE, Dixsempra R EEm 4 D
s (A 9.7) . XA 0 R R B C
B, Hok & TH 0 o8k o n S e, A B R T RY 2 .

SE T et oM, & TR A SE TR gy O TR 9D
B 4t BT A, T 5 390 0 i A9 BB S ] iz 4R o . G0 B 9.7 P BT A9
Bk, XN ABCDE BIEH , =M SAB, SBC F 2, SA, SB
FRMEE,S BRTA,SO RE.

A polyhedron with one face a polygon and the other faces triangles
containing 8 common vertex is called a pyramid (see figure 9.7). The
polygon is called the base of the pyramid, the tangles are called the
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lateral faces, the common sides of the adjacent lateral faces are called
lateral edges, the common vertex of each lateral face is called the vertex
and the distance from the vertex to the base is called the altitude of the
prramid. For instance, in figure 9.7, polygon ABCDE is the base,
triangles SAB, SBC , etc. are lateral faces, SA,SB, etc. are lateral
edges. S is the vertex and SO the altitude.

AR T SARE S TR, RERRE 54/ 2m s /Y
FHRXFR. P, A4 FTHE 9.7 AR, @ LUICFEEE
S-ABCDE , BRAEMHE 5-AC.

A pytamid is expressed in the letters representing its common vertex
and each vertex on the base or in the letters representing the endpoints of
a diagonal on the base, such as the pyramid in figure 9.7, which can be
written as pyramid S-ABCDE or pyramid $-AC.

B ERTHME=/AF, NAE, FHE---- CE A
BRERI BRI S (E 9.801))  UE (B 9.8(2)) . &
e (B 9.8(3)) o i

(1) (2) (3)
B 9.8(Figure 9.8)

The base of a pyramid cun be a triangle . quadrilateral , pentagon, ete.
'S0 we cail these pyramids a triple pyramid (figure 9.8(1)), a quadruple
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pyramid {figure 9_8(2)), a quintuple pyramid (figure 9.8(3)),etec.

(=) IE4Z%#{Regular Pyramids)

IR — T EERRE R EEXNE, 3B B)S Kb e
RS THT <P L, SO0 R S T R E B 5 .

The pyramid with a regular polygon for base and with the foot of its
altitude at the center of the base is called a regular pyramid.

e T H— PR
(A regular pyramid has the following properties )
1 fHBHS, SMEHBEEENFE=ALE EEZEBE AR
W A EAES, EMSOERER S,

Each of the lateral edges is equal and all lateral faces are congruent
isosceles triangles with equal altitude on the base side which is called the

slant height of a regular pyramid.

2. MR SRS SERS EAE
HR— T EHA=ATE B W R R
BEEREMHERHR—TEA=AE
(F 9.9).

The altitude of a pyramid,its slant height
and the project on the base side make a right
trangle; the altitude of a pyramid, its lateral
edges and the project on the base side make a Bl 9.9(Figure 9.9)
right triangle,too (see figure 9.9) .

3. 0 SRob R T £ TR T Y S T BT IR, BB 4 B RUR AR,
BEMOEHAN S TRANBRENREARENROTH
W ZtEREE A T — AR
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If a pyramid is sectioned by a plane parallel to the base, the section
is similar to the base and the ratio of their areas equals the ratio of square
of the altitude of the sectioned pyramid io the square of the altitude of the
known pyramid. This property is also applied to general pyramids.

o.2 WMES 10,EHILL =4 SSABC IS S50 = k.86 SM =
I. Kgid so b S FirFERAEm SABC R

FH.
M. EE OM.OAERASOM ¥, 0M =/ PP - k2. HA
B S - ABC R IF#H## . FFLE O B E=MEARCH]

Has .
AB = 2AM = 2 « OM + tantFP
=23 -+ 12 - K?

Saipe = %ABZ
43

=12 x4 x 30172 - k%)

= 33012 - %)
BEE—AEgERD TR, A

Saxwe R 1

Srape ~ h* T 4
33(p _ w2

& 9. 10( Figure 9. 10)
Sapge =
Example 9.2 In figure 9. 10, given that the altitude 5 = k of a regular
triangular pyramid S-ABC and slant height SM = I, get
the area of section & A"B'C’ passing through the central

point of line S} and parallel 1o the base.
Solution Join OM and 04 , and in night triangle SOM, OM =

2 _ h2. Since pyramid S — ABC is a regular
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pyramid, point O is the center of regular triangle ABC .
AB = 2AM = 2 - OM - ant0’
— 2@ .« 52 _ h’l’

Saspe = ﬁABZ = Jf X

= 3/3(P - B?).
In terms of the property of sections of general pyramids, have
Savwe R 1

Sﬁ( 32

4 % 3(% - B?)

Therefore S pvpe = - k).

(=) IESERME 1 ( Lateral Area of a Regular Pyramid)
mAERME R A E NS T MR AR, BRI Eat 2

BHEHAOWER. EaSErMERAEOE. 11 . 8IE o B

AN o. AR e, ®@ 5 A, MEITFEOEHEN n -

%ah' . ich'. S TEMEE,

WMEERENEKEEKE o, #&E c
R AR 2 e B B

1 ..
Sewgm = o ch

LW RS THMEASKER 89 1(Figre .11
By AT .

The lateral expanded graph of a pyramid is composed of every lateral
side and the area of the graph is just the combination of the lateral area of
the pyramid. The lateral expanded graph of a r -side regular pyramid is
seen in figure 9, 11. Given that the length of the base side is a , the
perimeter ¢ and the slant height 2" , then the area of the expanded graph
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) 1 ., 1 ., .
s 7z ° Eah = _E_Ch , from which we get the following theorem:

If the perimeter of the base of a regular pyramid is ¢ and its slant
height £’ ,then its lateral area is

1
Slateral area  — E ch'.

The whole area of a pyramid equals the sum of its lateral area and
base area.

#19.3 Fit— I EMREERKIEREIN, &2 0.85 m, R
B LS m & XMIETHEEE PKER?
®: WE9. 12, SETRIEMWTL, O RARIERD.LO,N SO
2E.i% SE RS
EHMA=ME SOF ¥ ,BiIEaREHE

2 s
SE:,\/(lTs) +0.852 \
ol w
= 1.13 (ﬂl:} ‘_Jf---é— . . ]
S 9" \JF
Sewmn = 5 ch e
1
= 5{(L.5x4) x1.13 B 9. 12 Figare 9.12).
~ 3.4 (m?)

. fEXERETREREY 3.4 .

Example 9.3 Design a roof of a cooling tower in a regular rectangular
pyramid, whose altitude is 0,85 m and length of the base
side 1.5 m. How many square meters does this iron plate
need for making such a roof of tower?

Solution In figure 9.12, S is the vertex of the tower top, O is the
center of the base and SO is the altitude. let SE be the
slant height.

In right triangle SOE, in terms of the Pythagorean theorem
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SE =\/(%5)2+0.352 ~1.13 (m).

S ame = %c ' =%(l.5x4)x1.13m3.4 (m®) .

Answer The iron plate needed for this tower top is about 3.4 m?.
= .1 & (The Frustum of Pyramid)

{—) 13 & B98LE ( Concepts of Frustum of Pyramid)

FH — -3 17 7 82 £ e THT 29 5F TG 2o R i 4k , IS 1T 0 4 a2 MR] 1Y
AR At &, TRUHER HIE 1Y Jec v 0 AR T 0 AR & B R f0_EJE T,
HEAmMEERS B0 M. 880 E /Y2 360 0 8 & o' 1.
E.FPEEZEAESEMEEZSE. WE. B3P Es, BAE
A'B'C’D fMABCD & £ T RE, Wil ABB'A’ \BCC'B &£l
H,A'A \B'B FREME, 0'0 RERR.

Using a plane parallel to the base of a pyramid to cut the pyramid,
we get a section of a pyramid between the base and the plane which is
called a frustum of pyramid. The base and the intersection of the
original pyramid are called the bottom base and the upper base of the
frustum of the pyramid and other faces are called lateral faces. The
common side of adjacemt lateral faces is called a lateral edge of the
frustum of the pyramid. The disiance between the upper and bottom bases
is called the altitude. Such that, in the frustum shown in figure 9.13,
polygons A'B"C'D" and ABLD are upper and botiom bases, quadrilaterals
ABRB'A’, BCC'RB' ,etc.lateral faces, A'A, B'B ,etc. lateral edges and
'O the altitude.

BMEAXAL .  TERS&RAFERES,0E 9.13 Fia
RIERE . TTI0/ESE S ABCD — A'BC'D. i EFATH S BARN ST
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BRR, MBS AC’.

A frustum can be expressed in the letters
representing each of the vertices on the upper
and bottom bases such as the frusmum in figure
9 .13 which can be written as frustum ABCD —
A'B'C'D or in the letters of the endpoints on
the diagonal , such as the frustum AC" .

b=t PO R BAHRY
e, oM =Es. ke . 2EA

------

E 9.13(Figure 9. 13)

Frustums sectioned by a triangle pyramid, a rectangular pyramid, a

pentagon pyramid, etc. are called triangle frustum, rectangular

frustum , pentagon frustumn, eic. , respectively .

(—) IE# & (Regular Frustums)
HIEE#RAMEE N MIESRS.
The frustum sectioned by a regular pyramid called a regular
frustum.

TE 3% & i B (Properties of Regular Frustums )
1. EREGHMEHEYE, NEESSENSEERE. S FEBIENE
M, T EOE B S RIS

The lateral egdes of a regular frustum are equal, lateral faces are
. congruent isosceles trapezoids, the altitudes , which are called the slant
iheight of the regular frustum, of each isosceles trapezoid are equal .

2. IEBEE RO IR T UL B TAT TR @ R R A RLE S0 .
The two bases of a regular frustum and the intersection paralle! to the
310




bases are similar regular polygons.

3. IR A A9 TR B T o0 2 2R L AR N 53
LEMFARANR - THEABE , HIKRHE
HLCo e 2% | BR 0 P IR T AH AL 9 ARl
HE—TEHABE(ES.14).

The central link line between two bases
of a regular frustum, its corresponding i 9. 14(Figure 9.14)
apothem and slant height form a right angled trapezoid; the central link
line between two bases, lateral egdes and appropriate radii of the two
bases also form a right-angled trapezoid (figure 9.14).

(=) EEES N AE# ( Lateral Area of a Regular Frustum)

BEeMNmEFAERHESTA
FERM. BT HAEHERERE M
TR, ImE 9. 15 i . et LT
KR o o, ¥R n, HEE

WO ATMMERE n - 2 (a +

a )b = %(m + na' YR, HF na'.
ne TP R E.TEERMAEK ¢ ¢, & B 9.15(Figure 9.15)

(EE I iob ek B
MRFEAHE. TEAMEAKRE ¢ o, #FRE LV . FLER
B TR R

SEream = %(c + ¢’ )R
The lateral expanded graph of a frustum is composed of each of the
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lateral faces. The area of the graph is just lateral area of the frustum. As
is shown in figure 9. 15, provided that the lengths of the sides of the upper
and bottom bases are @' and ¢, the number of sides is 2 and the slant

height 2" , then the lateral area is n + *‘é‘(a + a' )R’ = %(na +
ne’ ) A’ and since na’ and ne are the perimeters ¢’ and ¢ of the upper and
botiom bases, respeciively, we get the theorem as {ollows:

If the perimeters of the upper and baottom bases of a regular frustum

are ¢’ and ¢, and the slam height is k' ,then is lateral area is

Slat.eraiarea = %(C + C,}hr'

BEEMEEHRE T ECHMmMA S EUTIREERF.
The whole area of a frustum is equal to the sum of its lateral area
and the areas of its upper and bottom bases.

B o4 #MEHFHOTRLREMBEE(E 16), ERWEHR
B —A~TF B B i gt gl AR
. PIEEAK
e’ = 4 x 80 = 320 {mm)
TIEEAEE
e = 4 % 440 = 1,760 (mm}

NN e

= 269 {mm) A 9. 16(Figure 9.16)

SEman = —é“(c + " VA

= 2(320 + 1,760) x 269 ~ 2.8 x 10° (mn?)
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B WEXE DT BEEY 2.8 x 10° mn’.

Example 9.4  The blanking bin of a breaker is a regular rectangular
frustum ( figure 9. 16), the side lengths of whose two
bases are 80 mm and 440 mm, respectively, and whose
altitude is 200 mm. Calculate the area of the iron plate
needed for mamufacturing such a blanking bin.

Solution The perimeter of upper base ¢/ =4 x 80 = 320 (mm)
The perimeter of bottom base ¢ =4 x 440 =1,760 (nm)

Slant height A’ =\/2002 NS 30);269 {mn)

Therefore, Slm:amlarea I% (C + c.r)h.r

(320 + 1,760) x 269 ~ 2. 8 x 1{

1
2
(mm?®) .

Answer The iron plate needed for making such a blanking bin is

about 2.8 x 10° mn?®.

EEBREHRMEHEARD ,WRE o = , A EREN
MRS Srpnem = A (XE 2 28 ; MR S = 0,083

EBAR M E LA S = %m'.

In the formula of the lateral area of a regular frustum, letting ¢’ =
¢, we obtain the formoula of the lateral area of a regular prism S0 foes
_ ch’ {here b’ is the altitude) ; letting ¢’ = O, we obtain the formula of
the area of a regular pyramid Siierat area = %ch' .

M . £ itk ( Polyhedrons)

BE T2 AT BB ILA &N e mdE. B 8 e 48
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PEF AR L ik . B AL AR &1 2T 4 T (R RG T, T
T A 2 e 0y o e 2 Y 4 ) R, 35 0 T A 3 TR0 i £ T AR Y
FR. 2T YIS REHESZEAERN. (8 9.17)

The geoimetric solid bounded by some plane polygons is called a
polyhedron. The prism, frustum and pyramid are all polygons. Each of
the polygons forming the polvhedron is called the face of the polyhedion;
the common side of two faces is called the edge of the polyhedron, and
the common vertices where three or more edges intersect are called the
vertices of the polyhedron. Many mineral crystals are the form of
polyhedions. { see figure 9.17)

B 9, 17( Figure 9. 17

18 2 T AR {200 — T 49 R O Y- , a0 SR T A it 4 T AR AE
304 T R IR, 53 4 Y 25 T 0Ty 28 THT 0K BT RO BRAE R
BaeaManLmiE.

The polyhedron which lies all on one side of any plane containing
one of its faces is called a convex polyhedron. All the prism, pyramid
and frustum are convex polyhedrons.

— A~ 2T K 2 A PO TE , 25 T AR BB E B T E00r B v i
L EER AHEES . B0, SR NE AR, S8R R,
B R /S RSE .
A yolyhedron has at least four faces and, in terms of the number of
its faces, it can be called a tetrahedron, pentahedron, hexahedron,
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etc. For instance, a triangular pyramid is a tetrahedion, a triangular prism
a penrahedron and a regular cube a cube hexahedron.

§9.2 NEF{E(The Solid of Rotation)

—-.Elﬂfsﬁlﬁsﬁl%
{ Ciraular Cylinders, Cones and Truncated Cones)

) 9. 18( Figure 9. 18}

{—) RE M {Definitions) )

S —HEN—3 BEACAE BN . EAREREH
F S 52 B R T 75 BY B 28 Sy RERE 3 , IR 8 72 e e it 7B R 1% i oo BT
Bl R B4 JLAT f 43 g o g B B 4. B & (A 9. 18). IERE MM =
B0, ZESH b X A0 B K B eE T A0 , 3 B T RBY i B
e I T e ) A R, O R AL TRh 69 2 RERE T R BY il T Y £
BT HTE , Bt KeFs Rt 4 O &, 33 £ 01 EB M B BT8R, 40
B 9.18 F,H%k O'0.SO0 B H,A'A BB .54 .5B S RELL.

The geometric solid generated by revolving a plane about a line (the
axis of revolution) is called a solid of rotation. The solid of rotation
revolving about a side of a reciangle is called a circplar cylinder, that
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revolving about a leg of a right triangle is called a circular cone and that
revolving about the side perpendicular to the base of a nght-angled
trapezoid is called a circular-truncated cone (figure 9.18} . The axes of
revolution are called their axes; the lengths of sides on their axes are
called their altitudes; the circular surfaces by revolving about the side
perpendicular to the axes are called their bases and the curved surfaces by
revolving about the side which is not perpendicular to the axes are called
their lateral surfaces. No maiter what position it revolves, the side is
called the generatrix of lateral surface, such that,in figure 9, 18, line
0'0 and SO are altiudes, and A'A, B'B, SA, SB, etc. are

generatrices.

(=) B4, B B 24515 ( Properties of Circular Cylinders,
Cones and Truncated Cones)

1 I TREAREESRE.

Sections parallel to the bases are all circles.

2. B EGERE ) I ESSNER SE=AK . SEHE.
The sections passing through the axes (axis sections) are congruent

rectangles, isosceles triangles and isosceles trapezoids, respectively.

#lo.s5 H—-EHERREE,BELE. TREXEMLE 14,8

2 <R 10 em, R EHERIFLR K.
B, EESHEBREN v, B L. TREXETHE =
4x(E9.19), REMTU=AEM ALK,
(y —10):y = x:4x )
WEER 4(y - 10) = ¥, 3y = 40
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Y = ﬂ:j?(cm)

PRt (B 4 1 628 1 8 .
Example 9.5 Section a circular cone into a N f x
circular tnincated cone. Given -

that the ratio of the radius on
the upper base to that on the b ax
bottom base of the ecircular
truncated cone is 1 © 4 and the B 9.19(Figure 9.19)
length of its generatrix is 10 em, find the length of the
generatrix of the circular cone.

Solution Let the length of the generatrix of the circular cone be v,
the radii of hoth the upper and bottom bases are x and
4x, respectively (see figure 9.19), and in tems of the

proportion of similar triangles, get
(y —10):y = x:4x.
That is 4(_’}" — IO) = ¥, 3}" = 40,

Thus y = %(cm).

As a result, the length of the generatrix of the circular cone is-%)cm.

(=) % BB AR MEFR (Lateral Areas of Circular

Cylinders, Cones and Truncated Cones)

fLEAE B B S RN E S BTN —&ABL I T ERTTE
Vb, e I B Ay T AR R T A R R

Extend the lateral surfaces of a circular cylinder, cone and truncated
cone on a plane along one of their generatrices and the areas of the
expanded graphs are their lateral areas. |
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1. [Bl4E a9 1 (Lateral Area of a Cylinder)

A 9.20 ZEEmMMEREFE. EL -MEE, AT EE MK
FTHEEERAR  EEFTREENSFEREK I(WRER), AL
AR ER: .

MREBEEEEEEE r ARKE o MESKRKE [LIBAEN
{0y i #R2

Smum = of = 2mrd

9, 20( Figure 9.20)

Figure 9.20 is an expanded graph of the lateral surface of a circular
cylinder, which is a rectangle whose length is equal to the perimeter ¢ of
the base of the cylinder and whose width is equal to the length I (that is
the altitude) of the generatrix of the surface of the cylinder, so we get the

theorem as follows:

¥f the mdius of the base of a circular eylinder is r, the perimeter ¢

' and the length of lateral generairix I , then its lateral area is

Smﬂm = el = 2nrl.

‘2. [B ¥ % T FL{ Lateral Area of a Circular Cone)

A 9.21 EEEMNMERTER, E-R—TRIE, X THIEHIR
KEFEHEEHAORAR ¢ $EETHHEWEMASZLK [, BT
B
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WRESREEEL r ARE o, MEBLKY L BAEH
LR S

Smew = %cf = grl

Figure 9.21 is an expanded graph of the
lateral surface of a circular cone which is a
sector whose arc length equals the perimeter ¢
of the base of the circular cone and whase
radius the length { of the generatnx of its lateral
surface, from which we get the theorem as

follows -

If the radius of the hase of a circular cone 1 2+ 21(Figure 9.21)
is r, the perimeter ¢ and the lengih of the lateral generatrix [, then its
lateral area is

Slateraia.reu = %CE = xri.

3. [B & &9 9 R (Lateral Area of
a Circular Truncated Cone)

Bl 9.22 & &/ 0E R E, B
SR i B B o R ER , R B ER R
LAGK H [ & RS .

Figure 9.22 is an expanded graph of
the lateral surface of a circular truncated
cone which is usually called a sector ring 7 9.22( Figure 9.22)
from which we can get the lateral area of
the truncated cone.

wEGHESEREN [, E . TEREBRRKSTN N o o, ¥ E0
o, TR
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1
Smem = Ec(l+x}—%cx =%[c£+(c—c')x] (1)

< = : __c'd
e Tx+il v T
fRA(L), 718
1 ' c'f
Switrm = 2[c£+(c—c }C_c,]

= %(c v o) = wlra ¢
BT/ 8 F R R I8 .

MEREESH L. TIEmESER Y v, BIKE ¢ o, MEEL K
A= AR 42 A ) m iR

Smam = “lz—(c + ¢ )l =nm(r+r )l

Let the length of the lateral generatrix of a circular truncated cone be
i, the perimeters of the upper and bottom bases are ¢’ and ¢ and their
radii are r' and r, respectively, then

Sateral ares = %ﬂ(f + %) - %c'x = %[ci +{e —¢DNx]. (1)

: e’ x c'l
Since — = , X = 7.
c x + 1 c - ¢

Bring it to (1) and get

S]M,l;.al.,s,]a].ﬁEi = %[CE+(C—C’) E,I,]

c - C

= é—(c+ e’ )l o= alr + )1,

Consequently ,we get the following theorem:

If the radii of the upper and bottom bases of a truncated cone are r’
. and r, the perimeters are ¢’ and ¢, respectively, and the length of the
generatrix of its lateral surface is I ,then its lateral area is ‘

Slateral area = %(C+ Y= n(r+ L

320




] A . [E 4 B S sU2=@AR 2355 FE0680 iR 5 R mE e
0.
The whole area of a circular cylinder, cone and truncated cone is

equal to the sums of their lateral areas and base areas, respectively.

floe REEMREEEN r, MmFLRKN I, MNERFERE
RIE.L R 6.

RIE:0 = | - 360
TER: B 0.23 S I 4 0 i FE F B, B3 O B UK 9 T
KRR, Y Th = 2ar.

B 12X ﬂ:T‘r-Sﬁﬂ

Fxample 9. 6 The radius of the base of a i
circular cone is r , the length of .
the generatrix of its lateral A B
surface is ! and the central
angle of the sector for the

E 9.23( Figure 9.23)
expanded graph of the lateral

surface is 6°. Hlustrate @ = Tr » 360.

Hlustration Figure 9.23 is an expanded graph of the lateral surface
of the circular cone. Since the arc length of the sector
equals the perimeter of the base of the cone,that is

'
;T?If} = 27r R

Thus 3=T'3ﬁﬂ.

EREGHWEHEAX P, WRE & = o, WE I EENER
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Y3 Smpm = ol RIS = 0, WG REMEHARX Snew =
cl.

B [ b\"

In the formula of laieral area of a circular truncated cone, if e’ = ¢,
we get the formula of lateral area for a circular cylinder Sy e ares = ¢f. I

e’ = 0, we get the formula of laieral area for a circular iruncated cone
1

Slater.al area — _2FC'E'

— Bk ( Spheres)

(—) BKEYH#E2 ( Concepts of Spheres)

22 [B L4 e B L 1R 0 BE 76 4l , B 5 B AR
£y by o P fR R TR . R R T B G A L T
R, fT FRBK. 2 (B A9 B O 3R oL
RO FRE LR — S e R ke
A FELEERE L SR ST RO
BT R E R, i 9.24 BIERSP , K O ;%ﬁjbu JERET OC BRI
k12 2R AB RRWER.

The curved surface formed with a half-circle revolving about its
. diameter which is used as an axis of revolution is called a sphere. The
| geometric solid surrounded by the sphere is called a spheroid, simplified
‘as a sphere. The center of the hali-circle is the center of spheroid. The
_segment joining the center and any point on the spherical surface is called
- the radius of spheroid. The segment joining two points on the spherical
. surface through the center is called the diameter of sphere. As is shown
in figure 9.24, point O is the center,segment OC the radius and AB the
. diameter of the sphere.

d 9.24( Figure 9.24)

MW A LEES EA(ERC) WEEZETERCRE) R
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A ARG (PE) . — TERRAFRREWROHFERERN, RInER
0.

A sphere can also he looked upon as the locus of points in space at a
given distance from a fixed point. It is expressed in the leter to represent
its center,such as sphere (.

{ZZ) BRI EE 1R { Properties of Spherical Sections)

H— Pt TR, EEE2ERE. REREA T |
B

1. BR.FRmm B pE L EE T #/
m(E 9.25);

2. BROEBENER d 5SERAER R
EEERRIE B THHER:

r=v R - d
Using a plane to cut a sphere, the

& 9.25( Figure 9.25)

resulting section is a circular surface. The
section of a sphere has the following properties
1. The joint line hetween the center of a sphere and thatof the
section is perpendicular to the section {figure 9.25);
2. There is the following relationship hetween the distance 4 from
the center of the sphere to the section and the radius R of the sphere, and
the radius r of the seclion as well: '

r =+ R? - d2.

BRVE W 200 3R 0 A9 - TR 13 B (B A A K B, R 2 BRG
R AR AT A (5 A fii s [

The circle intersected by a plane passing through the center of a
sphere is called a great circle and that not passing through the center is
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called a simall circle.
Rk E, M 2B PEERE AL T AW asy KBETE
JX B A B —BRAIMHKE. 1 MEnfmanskmaEm. W

P 9.26 H, PO MIHEEE R PO B4 ER

T A

On the spherical surface, the shortest E
distance between two points is just the length of
Ian inferior arc between these two points through V’

the great circle, which is called the distance
between two points. For example, in figure B 9.26(Figure 9.26)

0.26, the length of PO is the distance between points P and Q of the
spherical surface.

(=) BkBFTRE (Surface Area of a Sphere)
PR EHETEMR KB EEMN 4 4.
Sﬂﬁ = 431'R2
The area of a spherical suface is equal to four times the area of a
igreat circle of a sphere.
8 ures of u sphere = 47TRZ,

9.7 BH-.FENKEESYSEES TR » ‘
B (B 9.27). RiE: (1) R H -
RS TRANHMER; (2) RgE

EBS TR 2 RS HE‘

uEBH ;
(1) iFBkaYEE0 R, W BEEREE ¥R

B 9.27{ Figare 9.27)
% R, EY 2R, 18 o
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S = 4xR?
Smim = 2xR - 2R = 4xR?
Sy = SmHm
(2 - S@ie = 4xR? 4+ 22R? = 6xR?
Sy = 4nR?
2

Sk = 3 5mks
Example 9.7 Given, in figure 9. 27, that the base diameter and the
alitude of a circular eylinder are both equal to the
diameter of a ball, illustrate (1) the surface area of the
ball equals the lateral area of the circular ¢ylinder; (2)
the surface area of the ball equals two-thirds of the whole
area of the circular eylinder.
Ilustration
(1)} Let the radius of the ball be R , then the base radius of the
circular cylinder is £ and the altitude is 2R , getting
Spat = 47TR?,  Seylinder = 27R + 2R = 47R?,
Therefore Span = Seylinde-
(2) Since Sapole eylinger = 4R* + 27R? = 67R*,  Spu = 47nR%,

‘-

Shall & E Swhule cylinder -

= .55 { Spherical Crowns)

{—) Bk7E (Spherical Crowns}
BR [ 87 m T ER 1B A — &R 4 B 9. 28(Figure 9.28)
My ek 7, #1240 B R i RR TR AN
B EAETHEEMITEHR &SN -BEniskaEieg, inF 9.28.
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The segment of a sphere intersected by a plane is called a spherical
¢rown, the intersected circle is called the base of spherical crown and

the sepment of the diameter perpendicular to the section iz called the
alttude of crown, such as the crown in figure 9.28,

R AY LAE TR R — BRI SE T 1 — e K BEEEF
JoT B Y b T

A spherical crown can also be regarded as the curved surface with a
eircular arc revolving about the diameter passing through one of its

endpoints .

WERE RN R, EREMN N A, NERE 8 85 T BAE 1R
i b KR R K S ER i R B L
Sypeg = 2tRA
Let the radius of a sphere be R and the altitude of a spherical crown
% , then the area of the spherical crown is equal to the perimeter of the
great circle times the altitude of the spherical crown.
S spherical orown = 27RA .

AR, X F AT ABRE BRI P BRE KT ¥ R BB
SERERESRERN. Y o = 2R &, REBRE M\ 42R%.

This forrmula is suitable for any of the spherical crown less than a
half-sphere, the spherical crown greater than a half-sphere, as well as the
whole sphere. When A = 2R, the area is just the area of a slphere,that is
AR,

9.8 BHMEMHEBESH —ITEEHSHMHEERBRER S AR
. TSR R A 9. 20( By m) . SR X B —T-ThiE
TEL LV KM,




D

F 9.29( Figure 9.20)

e WREEEN r, TR ERENIRAERS, i La
AN AT {F
P =0.3(2x1.5-0.3)
Sooor=0.9 (m)
THI 6 1 B B A A
8, = 2arh, =27 x 0.9 x 10 = 56.52 (m®)
P ER AR 53T A -
28, =2 x2aRh; = 2x 27 x1.5%x 0.3 = 5.65 (m*)

biziF7 2 PSR AR
S =8 +25, = 56.52 + 5.63 = 62.2 (')

%: HlEXHE—ThEEREARY 62.2 .

Example 9.8 A tank of an oil truck consists of a cylinder and two
spherical crown-shaped containers. The dimension of the
tank is shown in figure 9.29 (unit is meter). Find how
much, steel plate is needed for manufacturing such a
tank .

Solution Let the radius of the cylinder be » , which is also the
radius of the base of the sphenical crown. In tenns of the
principles of plane geometry, we can get

? =0.3(2x1.5-0.3).
Thus r =0.9 (m).
The area of the cylinder:
S, = 2wrhy = 271 x 0.9 x 10 = 56.52 (m®)
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The area of two crown-shaped containers:
252 =2 x 29‘[‘ha =2x2r x1.53x0.3 =~ 5.65 (mz)
The whole area of the tank:
S =58 +28 = 56.52 +5.65 ~ 62.2{(m").
Answer The steel plate for manafacturing such an oil tank is about
62.2 m’.

(=) kE¥rm A seis ik
( Surface and Solid of Rotation)

— & PRI (EFEER) SLEREN
31 N B — 2R HLER TEF Br I LAY sl 1 fig
HESETH . X 48 LR M EESEEL. T iEs
F 247 B, 53X S Hh 2056 0 e % i A9 BEER .
9.30 W, HZ o REEFH, L [((FiEHE
Rt E) 2.

The curved surface with one plane curve
{including a straight line} revolving about a fixed
line in a plane is called the surface of rotation. This fixed line is called
the axis of rotation. No matter where the axis goes, this resulting curve
is always called a generatrix of the surface of rojation. In figure 9.30,

Bl 9. 30{ Figure 9.30)

. line a@ is an axis of rotation and curve { { no matter where it is) is a

generalrix.

IR AL R SRR 1T 8 HR , 3 AT AR e ¥ A ik [E
HE(E9.31(1)) MESREMERWMB TN EL, RATERD
He e o i B 4T (B 9.31(2)) 35X AT, BFER Fn i A9 22 s fin B
O AR — A — S ARAEERN R EL N,
2 J8 BLERE % T M AGERTE (& 9.31(3)).
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If the generatrix is 2 line parallel to the axis of rotation, then the
resulting surface of rotation is called the surface of cylinder {see figure
9.31(1)). X the generatrix is a line slantingly intersecting the axis of
rotation, then the resulting surface of mtation is called the surface of
circular cone (figure 9. 31 (2)), when the intersection point of a
generatrix and an axis is called the vertex of the surface of the circular
cone. If a circle revolves around a line which does not intersect it about

the same plane, then the resulting surface of rotation is called a ring
surface {figure 9.31(3)}).

(2) (3)
9.31(Figure 9.31)

st FT A9 JE e T U D LA A, o AR R A . GX BT, T B ) il
LS e AR ol . [BEE L B B S CRRES R AR A B m BT B U
A LI {4 s B R 36 4, T Y IR L, fR BRER.

The geometric solid surrounded by a closed surface of rotation is
called the solid of rotatiom. Im this case, the axis of the surface of
rotation is also called the axis of solid of rotation. Circular cylinders,
circular cones, ecircular truncated cones and spheres are all solids of
rotation. The geometric solid surrounded by the ring surface is also the
solid of rotation which is called the ring solid, simplified as the ring.
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§9.3 ZTHFMIEFRERER

{ The Volume of Polyhedrons
amd Solids of Rotation)

— {EFR L2 ( The Concepts of Volume)

JLAar ik & 2 Al 3R 4 e R/ UE BT ERRR

The volume refers \o the size in which a geometric solid takes up the
space.

TR — I ERMAER, BAERB— TR EBRAE S5
M, SRJE SR LA ik A PR LR A R RR A B D X R O 2 X
ATUHRRI A RS BRI K ST RO KE (W 1 an,1 m %)
| BIE 77 4k 8 4 BUPE O G Bl o (A
1 9.32).

To measure the volume of a ﬁj
geometric solid, firstly, choose a wunit
volume as a standard, then find how
- many times the volume of the solid is
taken by unit volume, and the times is the quantity of the volume ‘of this
. geometric solid. Usually choose as the unit volume the volume of a

| tetragonal solid with the length of edge equal to the unit length, such as
"1 cm and 1 m. (figure 9.32).

B 9.32(Figure 9.32)

&ﬁﬁ%m-&\ﬁ\ﬁﬁfﬂu% ﬂ-\b 2 €y ﬁﬁ%ﬁﬂﬁﬁ%??ﬁ?

S AN 0F 1)
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Vexnu = abe
Let the length, width and altitude of a rectangular solid be @, & and
¢ ,respectively, and then the volume of the rectangular solid equals the
product of its length, width and altitude.

Vm:mngmur swlid = abec.

BRTHEAEBEY S, &8 b, MKTHENEHET S 5
B, B
Very = Sh
Let the base area of a rectangular solid be S and altitude & , then the
volume of the rectangular solid is equal to the product of § and % ,that is

VIELIB.I‘JE‘I]]HI solid = Sh.

IEFFHEREISETENER o #9370, B
Vi = a”
The volume of a rectangular solid is equal to the cube of a , the
length of the edge, that is

3
Vrecmlgl.l]ar salid = @ -

— B B R
(The Volume of Prisms and Circular Cylinders)

R HAE) RS TEMERR S 55 RE.
Viegg = Sh
The volume of a cylindrical body (a prism, a circular cylinder) is
equal to the product of its base area S and altitude A .
Vestinder = Sh.
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JEHEEER r, W28 A BIHEAERE
Ve = arlh
The volume of a circular evlinder with the base radius r and altitude
h is

2
I"‘1(~i1':",-ula.r cylinder = 7 h.

B9.9  F —HEAR IR B 9 A1 RV 4E $r0>
(EF9.33)3 % 5.8 kg. L FE IR Y
R AR 12 mm, R 10 | ]
mm, HfLEH 12 & 10 mm. B} #HH
EEES T HNEERT.2 8 o 33(rigwe 9.33)
em®)?

. ANABEEENRRE P ENBENEBS M HE
HE R KA 2

¥3

Visme =4 X 122x6x10=3.74 10* (mm® )

104 2 3
Vi s =3.14><(‘E) x 10=0.785 x 10°{(mm’ )

ESEnN LT
V = 3.74 x 1P — 0.785 x 10°
=~ 2.96 x 10%(em’) = 2.96 {ent)
5.8 x 10° 5 (7.8 x 2.96)
= 2.5 x 10P()
2. DoHEBIERETH 250 4.

|Example 9.9 A pile of hex nut blanks (figure 9.33) weigh 5.8 kg.
Given that the length of the sides on the base of a
hexagon is 12 mm, the altitude 10 mm and the intemal
diameter 10 mm, find how many pieces of the blank there
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are (the density of iron is 7.8 g/om’) .

Solution The wolume of a hex nut blank is the difference of the

volume of a regular hexagonal prism and that of a circular
cylinder.

V regular hexagonal prism =%§ % 12% % 6% 102:3.74 x 10°(mm’ ),

V cicoler eytioder = 3. 14 X (%})2 x 10220785 x 10° (rom®) .
The volume of a blank
V=3.74%10-0.785x 10°
=2.96 x 1P {(mm®) =2.96 (em® ).
5.8x 107+ (7.8x2.96) ~=2.5 < 10°(f~).
Answer There are about 250 blanks in the pile.

= s EEMER
{ The Volume of Pyramids and Circular Cones)

N — P aiE (. EE) IEHBRE S, SR A(F 9.34),
HE A KR

B 9. 34( Figure 9.34)
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If the base area of a cone { pyramid, circular cone) is S and the
altitude A (figure 9,34}, then its vohume is

| .
Vcam* = 3 §h°

MNRBEEMEEERRE r B L BAENEEE

Vﬁ@ﬁ = % rrrzh

If the radius of the base of a circular cone is r and the altitude &,

then its volurne is

i
Vcimllarcnne = _3' Trrzh -

B19.10  —HRIE 7 I 8 Bt B2 4K B 22 em, LA B B — P TRLAL Y
B, 4 R, Y SR BY T - BRI, AL SR

BB B AL — D B SR E AL
f%: MB35, MIIMKR S - Mr = Un. Fitk, FieEHIE

BERMAE 27r = 1. B8 r = 5.5,
[ A2 1K 2 22 om, 57 LA E{EN

#E 1
ho=+22 _ 55 |
~21.3
1 . _

Vlmﬁ = ‘3'_?! > 5.52 x21.3

~ 6.7 x 10?(em™) B 9.35( Figure 9.35)
2% - BroR B 4 M M S B 670 o’
Example 9.10 The length of one side of square-shaped iron plate is
22 cm, draw an arc by using a vertex of the square as
the center and a side as the radius and cut a sector along
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the arc, and then use this sector of the plate to make a

cone cylinder. Find its volume. ]

Solution I figure 935, the arc length of the sector is  + 447 =
11x.  Therefore, the perimeter of base of the cylinder
2ar = 11a. Solve for r = 5.5.

Since the length of the generatrix is 22 cm, the altitude of the

circular cone is }

h o=+ 222 _ 5.5 o 21.3.

! 5.52 x 21.3 6.7 x 10P(em’).

Vrim\:lﬁri:m"f = Ex X

Answer The volume of the circular cone is about 670 om’ .

g . i8S B4R ( The Vohume of Frustums
of a Pyramid and Cone)

mR ke ME) W E. FRE N @ HR S .5, %
& r(E9.36), BBAEREBLE

Ve = %h(S ++ S8 + §') {

& 9.36( Figure 9.36)
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If the areas of the upper and lower bases of a frustum ( for a pyramid
or a cone) are 8" and S , respectively {see figure 9.36), and the altitude
is h , then its volume is

Voo = -%—h(S +/ 58 + §).

MARBESGE L TREAEELI5E 7 or. B8R A BAERE
B

V@ﬁ- = %?‘:h(rz + o+ r'z)

If the radii of the upper and lower bases of a truncated cone are 7’
and r, respectively, and the altitude is h, then its volume is

1 2
thmcatedimne = ?ﬂh(rz + '+ ).

EEEMEEARX P, NRE S = 5, REMEEMERLS
R Vi = Shs WRE § = 0, B ARERERARX Ve =

1
-3Sh.

In the formula of the volume of & frustum, if §° = §, we get the
formula of the volume of a cylindrical body Votinder = Sk if S° = 0, we

iget the formula of the volume of a truncated cone V. = -1—.5?1 .

3
B9.11 H—TEMBEGEMNE, T LUEEH 190 L, RIMEME

A2 BT 60 cm 1 40 cm, K RIIREE .
F: FTEERFAS =40=1,600
FTEEEME S =60°=3,600

VS‘.S' ='\.-'402){602=2,4m
v = %h(3,600+2,400+ 1,600) = nggh
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BHER ¥ =190 L=190,000 cm’

B o= 3 x?lf&(ﬁ}[} =75 (em)

% MIEEERE 75 om.
Example 9.11 There is an oil bath of a regular rectangular frustum,
which can contain 190 L of kerosene. Assuming the
side lengths of both bases are equal to 60 cm and 40
cm, respectively , find its depth. ‘
Solution The area of the upper base §' = 40 = 1,600 ;
the area of its lower base S = 60° = 3,600,

wS-S’=w402><602:2,400,

Thus V = %h(B,ﬁUﬂ + 2,400 + 1,600) =

From the known V = 190 L= 190,000 em’,

3% 190,000
get b = 7.600 =75 (cm).

Answer The depth of the oil bath is 75 em.

T ERAYE R ( The Volume of Spheres)

MR EFERE R IIBAEREEE

Vg = %RRB

If the radius of a sphere is R ,then its volume is
: 4

Vophere = — TR,

Mo 12 FH LK, E 142 ¢, MEFSHMEHETF 5.0om. RE
BN B(HEER 7.9 g/om’).
. REOWERAYIN R 2, B8 4 SR YT B2
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7.9 - [%ﬂ' . (%)q - g—:rx?’] = 142

1
SR 142 % 3
=224, 2x = 4.5 (em)

E: BLWBRARZLARN 4.5 cm.
Example 9,\12 There is a hollow steel ball which weighs 142 g and
L whose external diameter is 5.0 em. Find its intemal
diameter (the density of steel is 7.9 g/cor ).
Solution Let the internal diameter of the ball be 2x , then its mass
4 (5Y _ 4 ) _
7.9-[57-(3) - =] = 142,
3
£ = ( 5 ) 142 x 3

2) 7.9 xarx = 1.3

Thus x == 2.24, 2x = 4.5 {em).
Answer The intemal diameter of the hollow sieel bhall is about
4.5 cm.
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